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COMBINATORICS AND REAL LIFTS OF BITANGENTS TO
TROPICAL QUARTIC CURVES
MARIA ANGELICA CUETO AND HANNAH MARKWIG§
Abstract. Smooth algebraic plane quartics over algebraically closed fields have 28 bi-
tangent lines. Their tropical counterparts have infinitely many bitangents. They are
grouped into seven equivalence classes, one for each linear system associated to an effec-
tive tropical theta characteristic on the tropical quartic. We show such classes determine
tropically convex sets and provide a complete combinatorial classification of such objects
into 39 types (up to symmetry).
The occurrence of a given class is determined by both the combinatorial type and
the metric structure of the input tropical plane quartic. We use this result to provide
explicit sign-rules to obtain real lifts for each tropical bitangent class, and confirm that
each one has either none or exactly four real lifts, as previously conjectured by Len and
the second author. Furthermore, such real lifts are always totally-real.
1. Introduction
Superabundance phenomena in tropical geometry pose a challenge to addressing enu-
merative geometry questions by combinatorial means [4, 27, 34, 35]. For example, smooth
tropical plane quartic curves have infinitely many bitangent tropical lines, as oppose to the
count of 28 bitangents to smooth algebraic plane quartic curves [3]. Basic duality between
R2 and the space of non-degenerate tropical lines in R2 identifies each such line with (plus
or minus) its unique vertex. This paper gives a combinatorial characterization of these
infinite sets of points and shed light on this question over real closed valued fields, such as
the real Puiseux series R{{t}}, including Plu¨cker’s famous count of real bitangents to real
quartic curves [33].
The existence of infinitely many tropical bitangents was first shown by Baker et al. [3]
using the theory of divisors on tropical curves and their linear equivalences, encoded by
chip-firing moves [2]. Combinatorially, tropical quartic curves correspond to metric graphs
of genus three (depicted in Figure 2.) Out of all five graphs, only the first four can be
realized as dual subdivisions to triangulations of the 4-dilated 2-simplex. The relevant
length data of these graphs is also linearly restricted.
Even though the tropical count is infinite, the collection of tropical bitangent lines can
be grouped together into seven equivalence classes, under perturbations that preserve the
tangencies [3]. These bitangent classes are polyhedral complexes in R2. To highlight the
interactions between a given tropical quartic curve Γ and its bitangente classes, we can
further refine the structure of each class using the subdivision of R2 induced by Γ. We
define the shape of a tropical bitangent class to be this refined combinatorial structure.
The symmetric group S3 acts on bitangent classes and their shapes. Our first main
result is a complete combinatorial classification of such objects up to S3-symmetry:
Theorem 1.1. There are 39 shapes of bitangent classes to generic tropicalized plane quar-
tics, up to symmetry (see Figure 6.) All of them are min-tropical convex sets.
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Standard duality identifies a tropical line with the negative its vertex seems natural,
since incidence relations would be preserved [5]. With this convention, the associated
bitangent classes would be max-tropical convex sets. We choose to avoid changing the
sign of the vertex since the tangency points can be easily determined from it.
All shapes in Figure 6 are color-coded to highlight their refined combinatorial structure.
Black and grey cells correspond to those missing the curve, whereas red ones lie on it.
Unfilled vertices correspond to vertices of Γ.
The proof of this statement is given in Section 4. It involves a careful analysis of possible
combinations of tangency points (up to symmetry) and the description of local moves of
the vertex of the bitangent line Λ that preserve tangencies. A simple inspection shows that
they are all min-tropical convex sets, most of which are not finitely generated. The later
contrasts with the construction of complete linear systems on abstract tropical curves done
by Haase-Musiker-Yu [13]. The different arises precisely due to the choice of embedding.
Whenever superabundance is observed, lifting questions arise naturally. Len and the
second author [25] proved that for generic choices, each class lifts to exactly four bitan-
gents if the classical quartic curve is defined over a non-Archimedean algebraically closed
field K. This fact was independently proven by Jensen and Len [19] (removing this mild
genericity constraints) by exploiting the classical connection between bitangent lines and
theta characteristics in the tropical setting [29, 38], and by Chan and Jiradilok [8] in the
special case where the underlying non-Archimedean skeleton of the tropical curve is the
complete graph on four vertices.
Although each bitangent class has exactly four lifts [25, Theorem 4.1], their number
can be realized in various ways and by more that one member of the given class. Figure 6
shows which members have non-trivial lifting multiplicities (with values one, two or four.)
By definition, the tropical theta characteristics of a tropical quartic are extremely sen-
sitive to the underlying metric structure on its skeleton [3, Appendix]. The same is true
for its bitangent classes. In particular, the seven shapes occurring can vary within a single
chamber in the secondary fan of the standard simplex of side-length four. Nonetheless,
the presence of a bitangent class of a fixed shape imposes restrictions on the Newton
subdivision of the quartic curve with tropicalization Γ. Our findings are summarized
in Corollary 4.12. Figure 8 shows the relevant cells associated to each representative shape.
Edges are color-coded to empasize the combinatorial tangency types.
Questions involving the reality of bitangent lines to plane quartics can be traced back
to Plu¨cker [33]. As shown by Zeuthen [37], the answer depends on the topology of the
underlying smooth real quartic curve viewed in the real projective plane [32, Table 1].
The last two columns of Table 2 show these numbers in four of the six possible topological
types. The missing three topological types (two nested ovals, one oval or an empty curve)
admit exactly four real bitangent lines each.
The fact that the number of real bitangents of a real plane quartic and the number
of complex lifts to any tropical bitangent class are always a multiple of four suggests the
question whether real lifts to a given bitangent class also come in multiples of four. Using
Tarski’s principle [18] we can count real bitangents by lifting tropical bitangents to a real
closed filed KR, thus providing a positive answer to this question:
Theorem 1.2. [25, Conjecture 5.1] Let Γ be a generic tropicalization of a smooth plane
quartic defined over a real closed complete non-Archimedean valued field KR. Then, a
bitangent class of a given shape has either zero or exactly four lifts to real bitangents to
the real locus of a quartic curve near the tropical limit.
Rather than venturing for a tropical analog between real theta characteristics and real
bitangents to plane quartics [12, 21, 22], we choose an algorithmic approach which has the
potential to be used in the arithmetic setting [23]. Our proof of Theorem 1.2 builds on
the lifting techniques developed in [25], which we review in Section 5. Table 11 provides
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precise necessary and sufficient conditions for the existence of real lifts to each bitangent
class in terms of the signs of relevant vertices in the Newton subdivision. The positivity
conditions in the table are due to the presence of radicands in the formulas for computing
the initial terms of the coefficients of the classical line lifting a given tropical bitangent.
Once the realness of a given bitangent is established, it is natural to ask whether the
tangency points are also real, i.e., if the bitagent to the real quartic curve is totally real
or not. Corollary 7.3 shows that for generic plane curves defined over KR with smooth
generic tropicalizations in R2, any real bitangent line to them is always totally real. Thus,
new examples will only be captured by tropical geometry once the current methods are
extended to non-smooth tropical plane quartics [24] or smooth ones embedded in higher
dimensional tori. We leave this task to future work.
The rest of the paper is organized as follows. Section 2 reviews the construction of
tropical bitangents to tropical plane curves and its connection to tropical theta character-
istics. We provide a combinatorial classification of local tangencies and recall the main
techniques for lifting tropical bitangents from [25] under mild genericity conditions. Both
tools play a central role in the proofs of Theorems 1.1 and 1.2.
In Section 3 we define bitangent classes and introduce their combinatorial refinements,
called shapes. An analysis of local moves for points on each bitangent class, discussed
in Lemma 3.2, allows us to conclude each class is a connected polyhedral complex. Our
last result characterizes unbounded cells in suitable classes. Section 4 contains the proof
of Theorem 1.1.
Section 5 discusses local lifting multiplicities both over real closed valued fields and
their algebraic closure for all bitangent classes. Theorem 5.1 determines all combinations
of local tangency types that can arise from tropical bitangents under mild genericity con-
ditions. Propositions 5.2, 5.3 and Lemma 5.6 provide necessary and sufficient local lifting
conditions over KR for each tangency type with multiplicity two. Lifting formulas in the
presence of multiplicity four tangencies are provided in Appendix A.
Section 6 contains the proof of Theorem 1.2. Section 7 confirms our lifting techniques
only produces totally real bitangents, which manifest the geometry behind the genericity
conditions imposed on the input smooth plane quartics. We conclude with some open
questions and directions to pursue in the future.
1.1. How to use this paper. For any given quartic polynomial q(x, y) defined over the
field of real Puiseux series R{{t}}, Theorem 1.2 and Table 11 provide an easy way to decide
which of the seven bitangent classes of its tropicalization Γ = TropV (q) lift to the reals:
it suffices to check the positivity of appropriate products of its coefficients.
Building on [25], we can even determine which member of each bitangent class lifts to a
classical bitangent line to V (q), and how many lifts does it have. Furthermore, since the
signs of the coefficients in q determine the topology of the real quartic curve VR(q) close
to the tropical limit by means of Viro’s Patchworking method [15, 36], our methods give
a way of verifying Plu¨cker’s classical Theorem in concrete examples.
We illustrate this ideas in the following example. The connection to tropical theta
characteristics is discussed in Example 2.4.
Example 1.3. We consider the plane quartic curve over C{{t}} defined by
(1.1)
q(x, y) :=1 + 3t10x− t8y + 5t29x2 + 7t15xy − 3t28y2 + 11t50x3 − 5t29x2y − 7y28xy2
+ 13t50y3 + 17t77x4 − 13t51x3y + 14t32x2y2 − 11t51xy3 − 17t74y4.
The tropical curve Γ = TropV (q) and its seven tropical bitangent classes together with its
dual Newton subdivision can be seen in Figure 1. The shape for classes (2), (3) and (4)
is only revealed after applying a non-trivial permutation, described explicitly in Table 1.
The picture shows the relevant cells in the Newton subdivision for these non-standard
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Figure 1. From left to right: a tropical quartic curve and its seven bi-
tangent classes, together with its dual Newton subdivision and the relevant
cells responsible for selected bitangent classes. Their color code matches the
corresponding S3-orbit shape representative from Figure 6. The unfilled
dots on the curve correspond to the locations of various chips on Figure 3.
bitangent classes. In this example, the shape of all seven bitangent classes is independent
on the metric structure on Γ, hence it only depends on the Newton subdivision of q.
Next, we discuss how the signs sij of the coefficients aij of q determine the existence
of real lifts of the bitangent classes of Γ, as predicted by Table 11 (after suitable per-
mutations). By construction, all lifts from shape (3) must be real, but realness for the
remaining shapes does depend on the choice of signs. Table 1 summarizes our findings.
Class Shape Permutation Sign Conditions
(1) (S) id s00 s22 > 0
(2) (E) τ1 ◦ τ0 s21 s31 s30 s22 < 0
(3) (W) τ0 ◦ τ1 ◦ τ0 ——
(4) (E) τ0 ◦ τ1 ◦ τ0 s12 s13 s22 s03 < 0
(5) (A) id same as (2) and (4)
(6) (A) id same as (1) and (4)
(7) (A) id same as (1) and (2)
Table 1. Bitangent classes, their canonical shapes, the required permuta-
tions to bring a class into each shape, and sign conditions for real-liftings.
The maps τ0 and τ1 are given in Table 3.
The formulas are determined by the vertices of the Newton subdivision involved in the
tangency points. For class (5) we use the parameters v = u = 2, i = j = 3, for (6) we have
v = 2, i = 3, u = j = 0, whereas for (7) we take v = i = 0, u = 2 and j = 3. Replacing
the values for each sij coming from (1.1) we certify that the class (1) is the only one with
real lifts. Thus, V (q) has a total of eight real bitangents. Furthermore, our results place
the vertex of corresponding tropical bitangents at the black vertices of (1) and (3).
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Notice that three inequalities involving eight signs govern the realness of the algebraic
lifts. Thus, we can study how the total number of real bitangents varies as we choose a
different smooth plane quartic V (q˜) over R{{t}} with tropicalization Γ. If all inequalities
hold, the quartic curve V (q˜) has 28 real bitangents. Violating any subset of them will lead
to different numbers of classes with real lifts, namely four, two or one. Using Theorem 1.2,
we conclude that the number of real lifts are 28, 16, 8 or 4.
Negative signs Real bitangent classes Number of Real lifts Topology
— (1) and (3) 8 2 non-nested ovals
s31 (1), (2), (3) and (7) 16 3 ovals
s13, s31 (1), . . . ,(7) 28 4 ovals
s13, s31, s22 (3) 4 1 oval
Table 2. Sample sign choices for the tropicalized quartic Γ in Figure 1
giving all possible number of real bitangents on the algebraic lift V (q˜).
For each row, we indicate which bitangent classes have real lifts and the
topology of the real curve VR(q˜) near the tropical limit.
Table 2 shows sign choices realizing each of these four cases, together with the bitangent
classes admitting real lifts and the topology of a real quartic curve close to the tropical
limit. The latter was certified with the combinatorial patchworking online tool [11]. ⋄
2. Tropical curves, bitangent lines and their lifts
Throughout this paper we work with real closed, complete non-Archimedean valued
fieldsKR with valuation ring (R,M) and their algebraic closures, denoted byK. We assume
the valuation map is non-trivial and admits a splitting, which we denote by ω 7→ tω as
in [26, Chapter 2]. We set t0 = 1. Our main examples will be the Puiseux series R{{t}} and
C{{t}} in the uniformizer t. By the Tarski principle [18], R{{t}} is equivalent to the reals,
so we can count real bitangents by lifting tropical bitangents to R{{t}}. This principle has
been applied to other problems in tropical geometry, see e.g. [1, 26].
Initial forms in K (defined below) will be central to this work:
Definition 2.1. Given a ∈ KR, a ∈ K with val(a) = α its initial form a¯ is defined as the
class t−αa in the residue field K˜ := R/M.
In the sequel, a bitangent line ℓ to V (q) will be determined by the fixed equation
(2.1) ℓ = y +m+ nx, with m,n ∈ K∗.
Its tropicalization Λ will always be a non-degenerate tropical line in R2, that is, a tripod
graph with ends of direction −e1, −e2 and e1+ e2, where {e1, e2} is the standard basis for
R
2.
Tropical curves will be defined following the max convention (for more details, see
e.g. [26].). The tropicalization of a plane curve V (q) with q ∈ K[x, y] will be determined by
the Newton subdivision of q (for an example, see Figure 1). In turn, the tropicalization of
a curve embedded in (K∗)n by an ideal I in the Laurent polynomial ring is the (Euclidean)
closure in Rn of the image of V (I) under the coordinatewise negative valuation map on
K∗. Our choice of I will be determined by tropical modifications or refinements of R2
along tropical bitangent lines to tropical plane curves. For details, we refer to [28].
2.1. Tropical bitangents. Throughout this paper, we consider smooth plane quartics
V (q) defined over either K or KR, where
(2.2) q(x, y) :=
∑
0≤i+j≤4
aij x
i yj.
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Figure 2. Possible skeletons for smooth plane quartics, in the notation
of [6]. The graph (303) cannot be realized via tropicalization in R2.
We assume the Newton polytope of q is the standard 2-simplex of side length four and we
let Γ be the associated tropical plane quartic.
We assume Γ is a tropical smooth plane quartic, that is, the Newton subdivision of q is a
unimodular triangulation. The skeleton Σ(Γ) of Γ is the subgraph obtained by repeatedly
contracting all the edges adjacent to leaves. As we mentioned in the introduction, only
four out of all five planar genus three graphs in Figure 2 can arise as skeletons of Γ. The
edge lengths are also linearly constrained, as shown in [6, Theorem 5.1].
Tropical bitangent lines to Γ were first studied by Baker et al. [3]. They were defined
using stable intersections between a tropical line Λ and Γ. We recall the construction:
Definition 2.2. A tropical line Λ is bitangent to Γ if any of the following conditions holds:
(i) Λ∩Γ has two connected components, each with stable intersection multiplicity 2; or
(ii) Λ ∩ Γ is connected and its stable intersection multiplicity is 4.
Stable intersections in R2 are determined by the fan displacement rule (see, e.g. [16]):
Γ ∩st Λ = lim
ε→0
Γ · (Λ + εv).
A generic choice of vector v ensures that Γ and Λ+ εv intersect properly in R2 whenever ε
is small enough. If two tropical curves C1 and C2 intersect property and p ∈ C1 ∩C2, the
intersection multiplicity at p is (C1 ·C2)|p = |det(u1, u2)| where u1 and u2 are the weighted
directions of the edges of C1 and C2 containing p in their relative interiors. Furthermore,
C1 · C2 =
∑
p∈C1∩C2
(C1 · C2)|p whenever these curves intersect properly.
Remark 2.3. By construction, the symmetric group S3 on three letters records automor-
phisms of P2 fixing the tropical line. This action extends to Z2 and the space of smooth
tropical plane quartics and their bitagent lines. Table 3 shows the action of two generators
of S3 on both the classical and tropical worlds.
Gen. Projective Lattice Tropical
τ0 x←→ y (i, j) 7→ (j, i) X ←→ Y
τ1 x←→ z (i, j) 7→ (4− i− j, j) X 7→ −X ; Y 7→ Y −X
Table 3. Generators of S3 as projective, polytopal and tropical isomorphisms.
Using the theory of tropical divisors on curves (see e.g. [2]), bitangent lines to Γ with
tangency points P and P ′ can be identified with tropical divisors on Γ that are linearly
equivalent to 2P +2P ′. More precisely, given the stable intersection D := Γ∩stΛ, we must
find a piecewise linear function f on Γ that is constant outside D and such that D+div(f)
is effective and contains 2P + 2P ′. These tropical divisors correspond to effective tropical
theta characteristics [38] on the metric graph Σ(Γ), as the following example illustrates.
Example 2.4. Figure 3 shows the skeleton Σ(Γ) of the curve discussed in Example 1.3
with its metric structure and 12 relevant points (v′0 through v
′
3) used to describe its eight
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Figure 3. Metric structure on the skeleton Γ of the tropical quartic, and
its eight theta characteristics. The dashed cycles on the chip configuration
of each effective theta characteristic indicate its associated non-zero element
of H1(Γ,Z/2Z). Note that L0 is the single non-effective one.
theta characteristics. The loops γ1, γ2 and γ3 in Σ(Γ) of lenghts 17, 12 and 13, respectively,
are dual to the lattice points (1, 2), (1, 1) and (2, 1) in the Newton subdivision. Using
Zharkov’s Algorithm [38], we write all theta characteristics of the metric graph:
L0 := −v′0 + v0 + v12 + v′3,
Lγ1 := v12 + v
′
3 ,
Lγ2 := v
′
0 + v
′
3 ,
Lγ3 := v
′
0 + v
′
12 ,
Lγ12 := v01 + v
′
3 ,
Lγ13 := v
′′
12 + v
′′
12 ,
Lγ23 := v
′
0 + v23 ,
Lγ123 := v01 + v23 .
where γI :=
∑
i∈I γi for each I. The seven effective theta characteristics Lγ1 , . . . , Lγ123
correspond to the seven bitangent classes of Γ. The location of the chips on each graph
of Figure 3 indicates the pair of tangency points for some bitangent line to Γ. The location
of the points v′′12 and v
′′
12 depends on the metric structure on Σ(Γ). ⋄
In [25], Len and the second author provided a classification of all tangency types be-
tween the curves Γ and Λ into five types. Furthermore, the theta characteristics approach
allowed them to determine the precise location of the bitangent points withing the stable
intersection Γ∩stΛ. For non-proper intersections, the bitangencies are located in the mid-
point of bounded edges where overlapping occurs. Overlappings along ends of Γ reflect a
tangency at the adjacent vertex of Γ.
To simplify our case analysis in Section 4, we provide a refined classification of local
tangencies. Their S3-representatives are depicted to the right of Figure 4. Our combi-
natorial classification requires precise information of the edge directions in the link of a
tropical tangency. Tangencies of types (6a) and (6b) show an overlap between a horizontal
end of both Λ and Γ. The remaining two edges in the star of the tangency at Γ are fixed:
they are (1,−1) and (0, 1) for type (6a), and (3,−1), (−2, 1) for type (6b). Table 4 shows
all relevant directions involved in type (2) and (4) tangencies occurring at each end of Λ.
Ray Direction of e Direction of e∨
Diagonal (−1, 1), (1, 3), (3, 1) (1,−1), (−3, 1), (−1, 3)
Horizontal (1, 2), (−1, 2), (3, 2) (−2, 1), (2, 1), (−2, 3)
Vertical (2, 1), (2, 3), (2,−1) (−1, 2), (−3, 2), (1, 2)
Table 4. Data for multiplicity two local tangencies of types (2) and (4) for
each end of Λ. Here, e is the bounded edge of Γ containing the tangency.
The next lemma discusses the combinatorics of proper tangencies at vertices:
Lemma 2.5. Let v be a vertex of both Γ and Λ and assume the local intersection at v is
transverse. There are two configurations (up to S3-symmetry) for which v is a tangency
point. They correspond to types (5a) and (5b) in Figure 4. The rays of StarΓ(v) have
directions e1, e2 and −(e1 + e2) for (5a), and e1, (2,−1), (−3, 1) for (5b).
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Figure 4. From left to right: six sectors of R2 determined by max- and
min- tropical lines, and six types of local tangencies at the marked point p.
The numbers indicate the possible local intersection multiplicities for p.
Proof. The min- and max-tropical lines with vertex v divide R2 into six regions, as seen
in the right-most picture in Figure 4. We prove the statement by a direct computation,
analyzing the locations of the three rays in the star StarΓ(v) of v in Γ with respect to
these six regions. First, assume StarΓ(v) is a min-tropical line. Then, the vertex v is a
tangency point of local multiplicity two.
Second, assume StarΓ(v) contains only one of the three rays of a min-tropical line.
Up to S3-symmetry, we may assume it has direction e1 and the remaining two rays are
located in the relative interior of the following combined regions: (I,IV), (I,V), (I,VI) or
(II,V). The latter case is not possible by the balancing condition. Since Γ is smooth and
the intersection between Γ and Λ is transverse at v, the bounded edge in I is restricted
to (−a, 1) with a = 2, 3 or 4. Since v is a tangency point, we conclude a = 3 and the
multiplicity is in fact 4.
Finally, we claim no tangency at v can occur if the star of Γ at v shares no ray with a
min-tropical line. Indeed, we exploit the S3-action to restrict the location of the three rays
of StarΓ(v) to four triples: (I,I,IV), (I,II,IV), (I,III,V) or (I,III,VI). The last three cases
are incompatible with the smoothness of StarΓ(v). In turn, the same property reduces the
possible (I,I,IV) configurations to two cases, with rays (-1,1), (-1,2) and (2,-3), or (-1,1),
(-2,1) and (3,-2). In both situations, the intersection multiplicity at v is neither 2 nor 4,
so v is not a tangency point. This concludes our proof. 
Remark 2.6. The action of S3 allows us to restrict the local configurations corresponding
to a tangency point P of multiplicity 4. A simple computations of local multiplicities
determines the directions of the relevant edges of Γ. For cases (1), (2), (4) and (5b), the
point P is adjacent to or in the relative interior of an edge e with direction (−3, 1). For
(6b), P is a vertex of Γ and its two adjacent bounded edges have directions (3,−1), (−2, 1).
For (3b), the multiplicity four can only occur where then vertex of Λ agrees with the
right-most vertex of the bounded horizontal edge e of Γ and the stable intersection assigns
weight three to v and one to the other endpoint of e. In this situation, the three edge
directions in StarΓ(v) come in two possible combinations: −e1, (2,−1), and (−1, 1), or
−e1, (3, 1) and (−2,−1). They are related by the map τ0 ◦ τ1 ◦ τ0 from Table 3.
2.2. Lifting tropical bitangents. In [25], Len and the second author develop a novel
effective technique for producing bitangent lines to generic smooth plane quartics from
their tropical counterparts. In this section, we review their construction, setting up the
notation and definitions for Sections 5 through 7 and Appendix A.
Definition 2.7. We say (ℓ, p, p′) is a bitangent triple to V (q) defined over K if ℓ is a
bitangent line to V (q) with tangency points p and p′.
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We are interested in analyzing which tropical bitangents Λ to Γ with tropical tangency
points P and P ′ arise as tropicalizations of bitangent triples, and, most importantly, how
many such liftings exist.
Definition 2.8. We say Λ lifts over K if we there exists a bitangent triple (ℓ, p, p′) defined
over K (also called a K-bitangent triple) whose tropicalization is (Λ, P, P ′), i.e.,
Trop(ℓ) = Λ, Trop(p) = P and Trop(p′) = P ′.
The lifting multiplicity of Λ equals the number of such bitangent triples.
The results in [25, Section 3] highlight a central feature of studying bitangent lines
to generic smooth plane curves and their lifting multiplicities through the tropical lense.
Indeed, they show that liftings can be determined by local systems of equations relative to
each tropical tangency. Furthermore, in the quartic case, each tropical tangency provides
independent and complementary information regarding the coefficients of ℓ in (2.1). A
tangency along the horizontal end of Λ will determinem. The maps τ0 and τ1 from Table 3
replace m with m/n and n when the point lies in the vertical and diagonal end of Λ,
respectively. The situation is more delicate when the vertex of Λ is the tangency point,
as it occurs for cases (5a) through (6b). We postpone their discussion to Section 5 (for
multiplicity two tangencies) and Appendix A (for multiplicity four.)
In what follows, we review the local lifting methods from [25] when the local tangency
point P has multiplicity two and occurs along the horizontal end of Λ. After a translation
and rescaling of Γ and q, we may assume that q ∈ R[x, y] rMR[x, y] and P = (0, 0), so
the vertex of Λ equals (0, λ) for some λ > 0. In particular, val(m) = 0, val(n) = −λ and
p ∈ R2. We write p = (x¯, y¯) ∈ (K˜∗)2 for the point recording the coordinatewise initial
forms of p.
The local equations for ℓ at P give a system of three equations in three unknowns
(m, x¯, y¯) over K˜ determined by the vanishing of the initial forms (with respect to P ) of
q, ℓ and the Wronskian W := det(J(q, ℓ;x, y)), that is,
(2.3) q = ℓ =W = 0, for q :=
∑
(i,j)∈p∨
aij x¯
iy¯j , ℓ := y¯ +m and W := det(J(q, ℓ; x¯, y¯)),
where p∨ denotes the lattice points in the support of q dual to p in the Newton subdivision
of q. Notice that since P = (0, 0) and val(n) > 0, these initial forms are nothing but
the image of the three original polynomials in K˜[x¯, y¯,m]. Furthermore, the class of the
Wronskian agrees with the Wronskian of q and ℓ.
Each solution (m, x¯, y¯) ∈ (K˜∗)3 of the system from (2.3) will produce a unique pair
(m, p) in R3 with the prescribed initial forms. Applying a similar method to the second
tropical tangency point and combining the outputs will determined the bitangent triples
lifting Λ. Uniqueness is essential to compute the lifting multiplicities of each (Λ, P, P ′) and
it follows from the well-known multivariate analog of Hensel’s Lemma (see [25, Theorem
2.2] and references therein.)
Lemma 2.9 (Multivariate Hensel’s Lemma). Consider f := (f1, . . . , fn) with fi ∈
R[x1, . . . , xn]rMR[x1, . . . , xn] and let Jf be its Jacobian matrix. Fix a = (a1, . . . , an) ∈ K˜n
satisfying Jf (a) 6= 0 ∈ K˜ and fi(a) = 0 for all i = 1, . . . , n. Then, there exists a unique
b = (b1, . . . , bn) ∈ Rn with fi(b) = 0, val(bi) = 0 and bi = ai for all i = 1, . . . , n.
In our case of interest, a = (m, x¯, y¯) and b = (m, p). Furthermore, we can often certify the
non-vanishing of the initial form of the Jacobian by computing J(q, ℓ,W ) instead.
Remark 2.10 (Genericity constraints). As we mentioned earlier, the tropical techniques
for computing bitangents require some mild genericity conditions. In addition to the
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type (1) (2) (3a), (3b) or (3c) (4) (5a) (6a) (3b) (5b) (6b)
mult. 0 1 2 |det(e, e′)| 2 |det(e, e′)| 4 1 1
Table 5. Local lifting multiplicities for each tangency type, assuming mul-
tiplicity 2 for all types except for the three right-most columns.
smoothness of Γ and the non-degeneracy of a tropical bitangent lines to it, we further
assume the following conditions:
(i) if Γ contains a vertex v adjacent to three bounded edges with directions −e1, −e2
and e1 + e2, then the shortest lengths of these three edges is unique;
(ii) V (q) has no hyperflexes;
(iii) the coefficients of q are generic enough to guarantee that if the tangencies occur in
the relative interior of the same end of Λ, then the local systems defined by these
two points are inconsistent.
Condition (i) allows us to determine the position of the tropical tangencies for the line Λ
with vertex v, thus ensuring the validity of the lifting methods for (5b) tangencies devel-
oped in [25, Proposition 3.12]. Overall, these mild constraints determine which bitangent
lines to Γ lift to bitangent triples over K among each bitangent class.
As a consequence of the genericity conditions imposed on Γ and q we have:
Theorem 2.11. [25, Theorem 3.1] Assume Λ is a tropical bitangent to a generic tropical
smooth plane quartic Γ, with two distinct tangencies. Suppose Γ∩Λ is disconnected. Then:
(i) If these points lie in the relative interior of two distinct ends of Λ, the lifting multi-
plicity of Λ is the products of the local lifting multiplicities of the two tangencies.
(ii) If the tangency points lie in the same end of Λ, the lifting multiplicity of Λ is zero.
In Appendix A, we discuss lifting multiplicities in the presence of a multiplicity four
tropical tangency. In particular, Theorem A.4 combined with the formulas in Table 12
allows us to conclude that multiplicity four tangencies of types (5b) and (6b) both lift
with multiplicity one as seen in Figure 6. Since we assume V (q) has no hyperflexes, none
of the other potential multiplicity four tropical tangencies will lift to a bitangent triple.
Table 5 provides a summary for each relevant type, combining the statements in Appendix A
with various results from [25], namely, Propositions 3.5 (for type (1)), 3.6 (for type (2)),
3,7 (for types (3a) and (3c)), 3.10 (for type (4)), 3.11 (for type (5a)) and Remark 3.8 (for
type (3b) and (6a)). The multiplicity formula for types (4) and (6a) involves two vectors.
First, the edge e of Γ carrying the tangency, and, second, the end e′ of Λ where the re-
maining tangency occurs. Possible combinations of (e, e′) will be determined in Section 4
(see Remark 4.13.) In Section 5 we refine these techniques to address real liftings of trop-
ical bitangents with two tangencies.
3. Bitangent classes, shapes and their local properties
As was mentioned in Section 1 we are interested in determining all tropical bitangent
lines Λ to generic tropical smooth plane quartics, denoted throughout by Γ. In particular,
we assume that such lines are non-degenerate in TP2, i.e., they have a vertex v and three
unbounded rays. Thus, we may identify Λ with the location of its vertex v in R2.
By [3, Proposition 3.6, Definition 3.8], linear equivalence of effective tropical theta char-
acteristics correspond to continuous translations of tropical bitangent lines that preserve
the bitangency property. This leads us to the following definition:
Definition 3.1. Given a tropical bitangent line Λ to a generic tropical smooth plane
quartic Γ, we define its tropical bitangent class as the connected components of the subset
of R2 containing the vertices of all tropical bitangent lines linearly equivalent to Λ. The
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shape of a tropical bitangent class refines each class by coloring those points belonging to
the tropical quartic Γ.
By [3, Theorem 3.9] we know each tropical smooth plane quartic admits seven bitangent
classes. Shapes refine the combinatorial structure of bitangent classes using the subdivision
of R2 induced by Γ.
By Remark 2.3, the symmetric group S3 acts on bitangent class and their shapes. We
aim for a complete classification of all bitangent shapes, up to S3-symmetry.
In order to achieve this, we must first discuss in which way we can perturb a vertex while
remaining in its class. It suffices to focus on one tangency point at a time. A description
of such local moves is the content of the next lemma:
Lemma 3.2. Let Λ be a tropical bitangent to Γ and let p be a tangency point. The relative
position of p within Λ and Γ restricts the directions in which to move the vertex v of
Λ so that the corresponding translation of p remains a tangent point. They are depicted
in Figure 5.
Proof. We proceed by a case-by-case analysis, depending on the nature of Γ ∩ Λ locally
around p. Up to S3-symmetry, there are six cases to consider, as seen in Figure 4. It is
important to remark that we are only concerned with ensuring the translation of p remains
a tangency point as we move the pair (v, p), even though the second tangency point may
cease to be so along the way.
First, the local intersection is transverse and p is in the relative interior of an edge Γ
and a ray of Λ, as in the picture labeled (1) in Figure 5. Then, we can pick ε > 0 so that
the tropical line with vertex v + w is tangent to Γ at p + w for any w in the open disc
D = D(0, ε). By construction, this local move is 2-dimensional and unbounded.
Second, assume that the intersection around p is again transverse but p satisfies one of
the following conditions, corresponding to pictures (2) and (4) in the figure:
(i) p is a vertex of Γ and lies in the relative interior of an end ρ of Λ,
(ii) p is the vertex of Λ and lies in the relative interior of a bounded edge e of Γ.
In both situations, we can find ε > 0 and an (open) half disc D centered at 0 of radius ε,
so that the line Λ with vertex v + w is tangent to Γ at p + w for all w ∈ D. The set D is
obtained by intersecting D(v, ε) with a half-space determined by ρ or e, and shifting the
set by −v. This local move is also 2-dimensional, but bounded.
The remaining option for a transverse intersection locally around p corresponds to case
(5), where p is also the vertex of the tropical line. If the local multiplicity is 2, the
configuration is the one in (5a). In this case, we can translate this point along the three
edges of Γ adjacent to p. The new tangency point will correspond to a type (3) local
tangency, as in Figure 4. The local move is 1-dimensional and bounded.
On the contrary, if the local multiplicity is 4, then p is adjacent to three bounded edges
of Γ, with directions e1, (−3,−1) and (2, 1), as seen in (5b). In this situation, we have
two possible local moves: one bounded 1-dimensional move along the horizonal edge, and
a second one corresponding to a circular sector bounded by the vertical end of Λ and the
slope −1/3 edge of Γ. This second move is 2-dimensional and bounded.
It remains to address all non-tranverse intersections. First, assume we have a type (3)
local tangency along a horizontal end of Λ. In this situation, we can move (v, p) along
both directions e1 and −e1, as seen in the pictures (3a), (3b) and (3c). The movement is
1-dimensional and locally unbounded.
Finally, assume that p is a vertex of both Γ and Λ, and that locally around p, both
curves intersect along a horizontal end of both, as in (6a) and (6b) in the figure. The
exact values of the remaining directions of the star of Γ at p depend on the intersection
multiplicity of p.
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Figure 5. Local moves on bitangents fixing one combinatorial type of
tangency. The tangency point p is indicated by a circled black dot.
In both cases, we can find ε > 0 and a bounded open circular sector D of D(0, ε) so that
p + w is a tangency point of Γ and the line with vertex v + w for all w ∈ D. The sector
is bounded between the vector −e1 − e2 and the vectors (1,−1) (for (6a)), respectively
(3,−1) (for (6b)), corresponding to the direction of the edge of Γ adjacent to p.
In addition, (6a) allows for an extra move: we can translate (v, p) along a bounded
vertical segment with direction e2. As it occured with type (5b), this local movement is
not pure-dimensional. This concludes or proof. 
Local moves that preserve the two tangencies are obtained by combining the local moves
determined by each tangency point separately. Lemma 3.2 has an important topological
consequence. Each point of a bitangent class admits a local dimension, corresponding
to the dimension of the local moves. Notice that whever a local move is bounded, its
boundary is determined by a line segment. Thus:
Corollary 3.3. Bitangent classes to Γ are connected polyhedral complexes.
In order to combine local moves associated to tangency points in the same end of a
tropical line, it will be useful to compare the position of vertices of Γ relative to this end.
The following definition arises naturally:
Definition 3.4. Consider two vertices v, v′ of Γ. We say that v is smaller than v′ relative
to a weight ω ∈ R2 if v · ω < v′ · ω. In particular, if ω = (1,−1) we say v is smaller than
v′ relative to the diagonal and write v ≺d v′. If v · (1,−1) = v′ · (1,−1), then v and v′ are
aligned along the diagonal. In this case, we write v =d v
′.
We end this section by discussing unboundedness of cells on bitangent shapes. To this
end, we define:
Definition 3.5. Let σ be an unbounded cell of a bitangent shape and pick ρ ∈ R2 r {0}.
If σ + R≥0ρ ⊂ σ we say ρ is an unbounded direction for σ.
The next lemma provides a sufficient condition for a cell to be unbounded.
Lemma 3.6. Let Λ be a bitangent line to Γ with vertex v. Assume the two tangency points
are contained in the interior of the same end ρ of Λ. Then, the set v +R≤0ρ is contained
in the bitangent class of Λ. In particular, this class is unbounded.
Proof. We let P and P ′ be the tropical tangency points of Γ and Λ. Without loss of
generality, assume ρ is horizontal. Then, the connected component of R2 \ Λ bounded
by the diagonal and vertical ends does not intersect Γ. Thus, we can move the vertex of
Λ horizontally to the right arbitrarily far and each new tropical line is tangent to Γ at
P and P ′. All these new tropical lines have the same bitangent class as Λ. The class is
unbounded in the direction e1. 
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max. mult. proper min. conn. comp. shapes
4 yes 1 (II)
4 no 1 (C),(D),(L),(L’),(O),(P),(Q),(R),(S)
2 yes/no 2 rest
Table 6. Classification of the 39 bitangent shapes by maximal multiplicity
of tangencies, non-transverse vs. proper intersection, and minimal number
of components for Γ ∩ Λ. The shape labels refer to those in Figure 6.
Our next lemma identifies the unbounded directions for each shape with the rays of a
min-tropical line. We will use it to classify shapes with unbounded cells in Section 4.
Lemma 3.7. Assume a bitangent shape has an unbounded component σ. Then, the relative
interior of σ lies in one of three unbounded components of R2 r Γ, namely those dual to
1, x4 or y4. Furthermore, each σ has a unique unbounded direction, which depends solely
on these monomials: it is −(e1 + e2) for 1, e1 for x4 and e2 for y4.
Proof. By construction, σ◦ intersect at most a single connected component of R2 r Γ.
Assume such non-trivial intersection occurs, and let xiyj be the monomial corresponding
to it. If xiyj 6= 1, x4 or y4, then for any v ∈ σ with |v| ≫ 0, the tropical line with vertex
v will have a multiplicity one intersection point with a unbounded edge of Γ. On the
contrary, if σ◦ ⊂ Γ, then σ◦ lies in an end of Γ. This cannot happen since any member of
σ◦ far away from the skeleton of Γ will yield a bitangent line with a local multiplicity one
intersection with Γ.
The second claim in the statement follows by similar arguments. Each monomial re-
stricts the possible unbounded directions to a single possibility. Since for each v in σ◦
both v and v + R≥0ρ determine the same two tangency points in Γ, we conclude from
Lemma 3.6 that ρ is an unbounded direction for σ. 
4. A combinatorial classification of bitangent classes
Our objective in this section is to classify the bitangent classes of Γ and their shapes.
To this end, we determine the connectedness of Γ∩Λ and the maximal local multiplicities
that can be realized by members Λ of a given class. Propositions 4.1 and 4.2 and 4.4
determine the shapes corresponding to each combination. The results are summarized
in Table 6 and Figure 6. We start by discussing shapes in the first two rows of the table:
Proposition 4.1. Let B be the bitangent class of Γ associated to a tropical line with a
transverse tangency point of multiplicity four. Then, B lies in the S3-orbit of shape (II).
Proof. By Remark 2.6, a multiplicity four tangency can only arise if Γ has a bounded
edge e with direction (3,−1). We let vl and vr be the left and right endpoints of e. The
smoothness and the degree of Γ determine the Newton subdivision of q locally around e∨:
its endpoints are (0, 0) and (1, 3). In turn, this fixes three triangles in the subdivision, as
seen in Figure 8 (II). This subdivision completely characterizes B as we now explain.
We start by placing the vertex v of Λ at vl. This gives a multiplicity four tangency of
type (6b). By Lemma 3.2, we can move v along e until we reach vr. The vertices of all
these lines will be multiplicity four tangencies. The closure in R2 of the local moves along
the relative interior of e described by the lemma yield the unbounded set e+R≤0(e1+ e2).
The vertex vr corresponds to a vertex-on-vertex transverse local tangency of multiplicity
4, i.e., of type (5a). The possible local moves can be seen Figure 5. Notice that the 1-
dimensional local move along the horizontal edge is bounded by the location of the vertex
v′ connected to vr by the edge of Γ with direction (2, 1). Since there are no further moves
to make, we conclude that B corresponds to shape (II). 
14 MARIA ANGELICA CUETO AND HANNAH MARKWIG
Figure 6. Orbit representatives of all 39 shapes of bitangent classes to Γ,
grouped by the dimension of its maximal cell. The numbers above each
vertex indicate lifting multiplicies over the complex numbers, whereas the
red ones above edges indicate slopes. The black cells of each bitangent class
miss Γ, whereas the red ones lie on it. The unfilled dots are vertices of Γ.
Proposition 4.2. Let B be a bitangent class of Γ associated to a tropical line with a non-
transverse tangency point of intersection multiplicity four. Then, B lies in the S3-orbit of
a shape labeled by (C), (D), (L), (L’), (O), (P), (Q), (R) or (S) in Figure 6.
Proof. By construction, the vertex v of Λ must also be a vertex of Γ. There are two cases
to consider. If Λ ∩ Γ consists of three edges, then we are in the star-shape case, where
StarΓ(v) = StarΛ(v), as see in Figure 4 (3b). Therefore, B = {v} and its shape is (C).
Otherwise, the intersection Λ ∩ Γ consists of a single bounded edge e, and the stable
intersection equals the two endpoints of this segment. By exploiting the S3-symmetry,
we may assume this edge is horizontal. Then, v has local multiplicity 3 and the leftmost
vertex v0 of e has multiplicity one.
By Remark 2.6, we know v is dual to the triangle with vertices (1, 0), (1, 1) and (2, 2).
The edges e and e′ of Γ adjacent to v must have directions (2, 1) and (−1, 1). We let v′
and v′′ be their second endpoints, respectively. By construction, the dual triangle to v0
has vertices (1, 0), (1, 1) and (i, 0) for i = 0, . . . , 4. The value of i restricts the shape of B.
To determine B, we start by analyzing the local moves around the vertex v. The edge
e restricts our moves to the horizontal direction, as see in Figure 5 (3b). If we move v
in the direction e1, the first tangency point of the new line remains at the midpoint of e,
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but the second one lies in the edge e′ with direction (2, 1). Our movement stops when the
vertical end of the bitangent line meets the vertex v′ of e′.
In turn, if we move v in the direction −e1 the tangency points lie in e and e′′. Notice
that this second tangency point belongs to the diagonal end of Λ. To decide when we stop
and how we can continue moving beyond this point, we must study the local behavior
of the Newton subdivision of the quartic q(x, y) around the vertex (1, 1). The relevant
possibilities correspond to the partial subdivisions labeled (D), (L), (L’), and (O) through
(S) in Figure 8. Our analysis will be guided by comparing the lattice lengths len(e), len(e′′)
and 2 len(e′′) and considering the two possible triangles dual to the vertex v′′.
First, assume v′′ is dual to the triangle with vertices (0, 1), (1, 1), and (1, 2). In this
situation, we have len(e) ≤ len(e′′). In both cases, we can move v along the edge e
until we reach v0, but the local movement at v0 depends on the value of i. In turn,
each value determines a unique way extending the collection {v∨, (v′′)∨} to a unimodular
triangulation of the polytope with vertices (0, 0), (1, 0), (0, 1) and (2, 2). These can be
seen in Figure 8 (P) and (S). If len(e) = len(e′′), then i = 1 and the partial triangulation
agrees with that of (P), whereas if len(e) < len(e′′), we have i = 0 and we encounter (S).
For (P), the local moves at v0 correspond to a tangency of type (5b) seen in Figure 5.
Indeed, we can first move along the ray R≤0(e1+ e2). The two tangency points are placed
in the diagonal end of the new line and they have types (1) (for the transverse one) and
(3a), (3b) and (3c), as we slide v through the bounded edge of Γ dual to the edge with
endpoints (1, 0) and (0, 1) in the Newton subdivision. After (3c), the move is unbounded,
as predicted by Lemma 3.6.
In addition, we can move v upwards starting from v0 until we reach v
′. We can continue
moving upwards until the horizontal end of the line meets the vertex of Γ connected to v′
by a bounded edge with direction (−1, 2). The movement stops after we reach this point.
The discussion for the shape (S) is almost the same. The main difference is that after
v0, we can move diagonally along the slope (−1, 1) bounded edge adjacent to v0 before
reaching its other endpoint, which we call v′0. This transition contributes an unbounded
2-dimensional component to B, arising from local moves of type (4). After reaching v′0
we move vertically until we reach v′′ and continue beyond that vertex as we did for shape
(P), since the Newton subvision imposes the same constraints.
Second, we assume v′′ is dual to the triangle with vertices (1, 1), (1, 2), and (1, 2). In
this situation, it follows that len(e) > len(e′′) and the Newton subdivision of q contains
one of the triangulations labeled (D), (L), (L’), (O), (Q), or (R) in Figure 8. To determine
the shape of B, we then compare len(e) and 2 len(e′′).
If len(e) > 2 len(e′′), then the horizontal movement of v along e stops when the diagonal
end of the line meets v′′. We cannot go past this point. This happens when i = 2, 3, 4.
If len(e) = 2 len(e′′), then we stop at the same point, but now the vertex of the new
line lies at v0. The two tangency points lie in the diagonal end of this line. Lemma 3.6
enables us to move in the direction R≤0(e1+ e2). This completely determines B. Refining
the structure of B by its overlap with Γ gives two different shapes: (L) and (L’).
For the last cases, we assume len(e) < 2 len(e′′). In this situation, we have i = 0 or 1
and we can move from v to v0 along the edge e. The movement of v0 depends on the value
of i. If i = 0, the local moves at v0 agree with those in Figure 5 (6b) after applying the
symmetry τ0. Indeed we can move along the bounded edge of slope (−1, 1) adjacent to v0
until we reach the other endpoint v′0 or when v
′′ meets the diagonal end of the tropical
line, whatever comes first. In the latter case, we cannot move past this constraint, and B
has shape (Q). If the former occurs, then (v′0)
∨ is the triangle with vertices (0, 0), (0, 1)
and (1, 1). Once we reach v′0 we can continue moving upwards along this vertical bounded
edge of Γ until the diagonal end of the line meets the vertex v′0. This gives shape (R).
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Finally, if i = 1, the local moves at v0 are those of Figure 5 (5b). Thus, we can move
in two directions: along the unbounded ray R≤0(e1 + e2) and along the bounded vertical
edge adjacent to v0, until the diagonal end of the line reaches the vertex v
′′. In this case,
B has shape (O). 
Remark 4.3. A key argument in the proof of Proposition 4.2 involved the comparison
between lattice lengths of certain bounded edges of Γ and partial knowledge of the Newton
subdivision of q. Following the notation of Figure 2, we conclude that shapes (P) and
(S) can only arise when the skeleton of Γ is the graph (212) and we have ℓ6 = len(e
′′),
ℓ5 = len(e) + len(e
′′) ≤ 2 len(e′′).
For the remaining shapes listed in Proposition 4.2 except (C), the skeleton of Γ cor-
respond to the graph (111) in the figure and ℓ3 = len(e
′′). The different shapes impose
different restrictions of the lengths min{ℓ4, ℓ5} and ℓ1. For example, to obtain shapes (L)
and (L’) we must have ℓ1 ≥ 3 len(e′′) and min{ℓ4, ℓ5} < len(e) − len(e′′). For (O), we
have min{ℓ4, ℓ5} = len(e)− len(e′′) and ℓ1 > len(e′′) + len(e). Similar restrictions arise for
shapes (D), (Q) and (R).
For these bitangent classes described here, the associated divisor D places one chip
on each side of the central loop. The tropical semimodule R(D) associated to the linear
system |D| is a line segment [13]. We can view it in the bounded cells of B that are either
outside Γ or on the central loop of the graph.
Finally, if B has shape (C), then the skeleton of Γ is the graph (000) from Figure 2,
with ℓ1 < ℓ2 ≤ ℓ3. Furthermore, the associated divisor D places one chip at the midpoint
of the two largest edges, and R(D) is a single vertex.
To conclude our classification of bitangent classes, we focus on the last row of Table 6.
In order to simplify the exposition, we break symmetry by considering the tangency points
to be either in the diagonal or the horizontal end of Λ. This non-uniform convention will
allow us to simplify the lifting obstructions in Section 5.
Proposition 4.4. Let B be a bitangent class of Γ where every member intersects Γ in two
connected components of multiplicity two. Then, up to S3-symmetry, B has one of the
following shapes: (A), (B), (E), (F), (G), (H), (I), (J), (K), (M), (N), (T), (T’), (T”),
(U), (V), (W), (X), (Y), (Z) and (AA) through (HH), depicted in Figure 6.
Proof. We prove the statement by a case-by-case analysis, based on the dimension and
boundedness of the top-dimensional cells of B. To simplify the exposition, we treat each
case in five separate lemmas below. The classes with two-dimensional top-cells are dis-
cussed in Lemmas 4.5 and 4.6. Lemmas 4.7 and 4.8 concern classes with one-dimensional
top-cells. Finally, zero-dimensional classes are the subject of Lemma 4.9. 
The next two lemmas address the possible shapes of two-dimensional bitangent classes:
Lemma 4.5. Let B be a two-dimensional bitangent class of Γ where every member in-
tersects Γ in two connected components of multiplicity two. Assume B has an unbounded
top-dimensional cell. Then, up to S3-symmetry, B has one of the following five shapes:
(T), (T’), (T”), (U) or (V), as depicted in Figure 6.
Proof. We let σ be an unbounded 2-cell in B. Combining Lemma 3.7 with the action of
S3, we may assume σ lies in the cell of R
2 r Γ dual to (0, 0). We fix a bitangent line Λ
associated to a fixed point in σ◦, with distinct tangencies P and P ′. By construction, they
lie in the diagonal end of Λ and are type (1) tangencies. Assume P is closer to v than P ′,
and let e and e′ be the two bounded edges of Γ containing P and P ′, respectively. Note
that e and e′ are boundary edges of the same connected component of R2rΓ. Their dual
edges e∨ and (e′)∨ are adjacent to the same vertex (i, j) in the Newton subdivision of q.
Table 4 shows the tree possible directions for e∨ and (e′)∨: (1, 1), (3,−1) and (1,−3).
Furthermore, since the edge e∨ is adjacent to (0, 0), we conclude that i = j = 1 and the
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e′ vs. e (1) (2) (3) (4) (5)
(1) (W) (X) (Y) (GG) (EE)
(2) τ1(X) (Z) (AA) (HH) (FF)
(3) τ1(Y) τ1(Z) (BB) (DD) (CC)
Table 7. Classification of shapes of 2-dimensional classes with no un-
bounded top-cells, following Figure 6. The map τ1 is described in Table 3.
second endpoint of (e′)∨ (marked in blue in the figure) equals (k, 4 − k) for k = 0, 2 or 4.
Both edges are marked by blue segments in the relevant partial subdivisions in Figure 8.
Since the position of (e′)∨ is uncertain, we use a dotted segment for it.
We let vl, vr, v
′
l, v
′
r, be the left and right vertices of e and e
′, respectively. The intersection
of B and e will impose restrictions on the potential shapes of B. The full classification will
be determined by the order of vl, vr, v
′
r and v
′
l relative to the diagonal, as in Definition 3.4,
the stars of Γ at these four points and the values of k. By using the map τ0 from Table 3
if necessary, we need only analyze k = 0 or 2.
First, assume k = 0. If so, we conclude that StarΓ(v
′
l) has rays e1 + e2, (−2, 1) and
(3,−1), whereas StarΓ(v′r) consist of the rays (−3, 1), (2, 1) and e2. Furthermore, we have
vl ≺d v′l. The two options for StarΓ(vr) will determine the relative order of vr and v′r. If
e2 is a ray of this star, then we have v
′
r ≺d vr and B ∩ e is restricted by the two endpoints
of e′. In particular, we conclude that B has shape (T).
Otherwise, we deduce that −e2 is a ray of StarΓ(vr). If so, we can place the vertex of
the bitangent line at vr and move it to the right along the adjacent horizontal bounded
edge e′′ of Γ until the tangency point in e′ reaches v′r. In this case, B has shape (U).
Finally, assume p = 2. The smoothness of Γ restricts the number of potential triangles
dual to v′l to two options: we can only use the vertices (1, 0) and (1, 2) to form the
triangle (v′l)
∨ with the edge (e′)∨. But since all members of B produce bitangent lines
with disconnected intersections with Γ, we can discard the first option. Indeed, we would
have v′l ≺d vr ≺d v′r relative to the diagonal, and both vl, v′l ∈ B, but the line with vertex
v′l would intersect Γ along the vertical edge joining vl and v
′
l. This cannot happen by our
assumptions on B.
A similar restriction applies to (v′r)∨. In particular, the vertex (2, 2) in the Newton
subdivision is adjacent to both (1, 2) and (2, 1) so the stars of Γ at v′l and v
′
r have both
horizontal and vertical rays.
To determine the shape ofB we start by analyzing the relative diagonal ordering between
v′l and vl. First, assume vl ≺d v′l. Then, vl /∈ B ∩ e and the leftmost vertex of B ∩ e is
determined by v′l. This restricts the shape of B to one of (T), (T’) or (U). If v
′
l =d vl, we
can have shape (T”). On the contrary, if v′l ≺d vl, we have vl ∈ B ∩ e and we can move
the point vl in B upwards along the adjacent vertical edge of Γ until the diagonal end of
the line meets v′l. This allows for a potential shape (V).
The map τ0 can be used to argue for the three possible relative diagonal orders between
v′r and vr. Combining this with the order between the left-most vertices and exploiting
S3-symmetry gives the five shapes in the statement. 
Lemma 4.6. Let B be a two-dimensional bitangent class of Γ for which every member
intersects Γ in two connected components of multiplicity two. Assume all top-dimensional
cells in B are bounded. Then, up to S3-symmetry, B has one of the following twelve
shapes: (W) through (Z) and (AA) through (HH) (see Table 7.)
Proof. In order for all two-cells of B to be bounded, the tangency points for each member
must occur in the relative interior of two different ends of the bitangent line. Without loss
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Figure 7. Positions of e = v1v2 respectively e
′ = v3v4 relative to P.
of generality, we assume they belong to the diagonal and horizontal ones. We let e and e′
be the two bounded edges of Γ where these two tangencies occur.
As in the proof of Lemma 4.5, e and e′ must lie in the boundary of the same unbounded
connected component of R2 r Γ. Furthermore, the corresponding dual monomial must
equal xi for some i and both e and e′ must be bridges in the skeleton of Γ. This implies
that the skeleton is a (212) graph, as depicted in Figure 2. An analysis of all potential
pairs (e, e′) restricts to a unique choice of i, namely i = 2, and four possible combinations
of e∨ and (e′)∨, seen in the last row of Figure 8 with label (W).
We let v1, v2, v3 and v4 be the endpoints of e and e
′, clockwise oriented. Figure 7
depicts the location of these vertices along dotted lines. We let P be the parallelogram
determined by these four lines. Note that the upper left corner of P must lie in the
connected component of R2rΓ dual to x2 so the lines spanned by e and e′ must intersect
above this point. The intersection between B and P will yield a unique 2-dimensional cell.
This cell will be determined by the location of e and e′, relative to P.
There are five options for e and three for e′, all listed below. The first three cases
admit a common description. We accomplish this by writing these two edges as vivi+1 for
i = 1, 3. For case (1), the slopes of e and e′ are not further restricted. For all remaining
cases, the edges e and e′ have directions (2, 1) and (−1, 1), respectively.
(1): The edge vivi+1 avoids P. For i = 1, this means the bottom and left edges of P
belong to B. If i = 3, then the top and right edges of P lie in B.
(2): vi is a vertex of P. If so, vi ∈ B and it has a ray adjacent to vi in B. This ray
includes a bounded edge of Γ adjacent to vi with the same slope. For i = 1 this
ray and edge have direction −(e1 + e2), and the bottom and left edges of P lie in
B. If i = 3, then the direction is e1 and the top and left edges of P belong to B.
(3): vi lies in the relative interior of an edge of P. If so, P ∩ vivi+1 ⊆ B, and a ray
preceeded by a bounded edge adjacent to vi appears in B, as in Case (2).
(4): v1 is a vertex of P and e ∩ P is a segment. The description of B around v1 is the
same as in (3).
(5): v1 /∈ P and e∩P is a segment. As with (3), the intersection P ∩v1v2 belongs to B,
but the role of v1 is now played by the lower endpoint of this segment. We attach
an unbounded edge followed by a ray, both with direction −(e1 + e2).
Table 7 shows the shapes arising from these 15 combinations. This concludes our proof. 
The next two lemmas discuss bitangent classes of dimension one.
Lemma 4.7. Let B be an unbounded one-dimensional bitangent class of Γ where every
member intersects Γ in two connected components of multiplicity two. Then, up to S3-
symmetry, B has one of seven possible shapes: (H), (H’), (I), (J), (K), (M) or (N).
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P -type
v-type (1) (2) (3c)
(4) —– —– (H)
(3b) (N) (I) (M) or (J)
(6a) —– (K) (H’)
Table 8. Classification of one-dimensional shapes with an unbounded top-
cell by the types of local tangencies for v (the vertex) and P .
Proof. We let σ be an unbounded one-dimensional cell of B and let ρ be its unbounded
direction, as in Definition 3.5. Lemma 3.7 gives three options for the unbounded connected
component containing σ◦.
We let v be the unique vertex of σ and set Λ to be the associated bitangent line. By
assumption, Λ has two multiplicity to tangency points, one of which is v. We let P be the
second tangency point. By construction, it lies in the end of Λ with direction −ρ.
Analyzing the local moves described in Lemma 3.2 reduces the type of tangencies that
can occur at v and P . Indeed, the local tangencies for the pair (v, P ) are reduced to six
combinations listed in Table 8. The shapes for each case are determined by how we can
move away from σ, as we now explain. The main restriction is the dimension of B.
If we cannot move v beyond σ, this forces v to lie on a bounded edge of Γ (which we
call e) and be a type (4) local tangency. Without loss of generality, we assume P lies in
the horizontal end of Λ. The local tangency at P is forced to be of type (3c). Then, B has
shape (H). Furthermore, by Table 4, the dual edge to e containing v must have endpoints
(2, 1) and (4, 0). This can be seen in Figure 8 (H).
For the remaining cases, we can move the vertex of Λ beyond σ. Thus, its local tangency
can be of two types: either it is of type (3b) and Γ has two ends adjacent to v, or it is of
type (6a).
If v has local tangency (3b), then we can move v along a bounded edge of Γ adjacent
to v with direction −ρ until we reach the second endpoint of this edge, which we denote
by v′. Along the way, the second tangency point is fixed at P . Once we reach v′, the local
tangency at v′ is of type (5a) or (6a). We have three cases to analyze, depending on the
local tangency type at P . We discuss them below:
(1): In this situation, we set ρ = −(e1+e2) and let e be the bounded edge of Γ containing
p. Then, v∨ is the triangle with vertices (0, 0), (1, 0) and (0, 1). Furthermore, v′
and e are in the boundary of the same connected component of R2 r Γ. Since
dimB = 1, then v′ is force to be a type (5a) tangency. In this situation, we can
move v′ along its horizontal and vertical adjacent bounded edges, until the diagonal
end of the bitangent meets each of the endpoints of e. Thus, B has shape (N).
Figure 8 shows the partial Newton subdivision of q arising from these restrictions.
(2): As with the previous case, we set ρ = −(e1+e2). By construction, P is adjacent to
a bounded edge e′ of Γ with direction (−1, 1), (1, 3) or (3, 1), since P belongs to the
diagonal end of the bitangent line associated to v′. We let P ′ be the second endpoint
of e′. Its dual triangle must be adjacent to (1, 1) in the Newton subdivision of q.
As before, v′ is forced to be a type (5a) tangency. In turn, (2, 2) must be a
vertex of both (v′)∨ and (e′)∨. The tangency point P limits our movement beyong
v′ to either the horizontal or vertical bounded edges adjacent to v′. Applying τ0
if necessary, we may assume we can only move v′ in the horizontal direction. In
particular, (e′)∨ is obtained by joining (1, 1) with either (2, 2) or (4, 0).
Since no member of B produces a connected intersection Γ∩Λ, we conclude that
P ′ is not connected to v′ by an edge of Γ. Thus, (P ′)∨ is uniquely determined by
(e′)∨ and the smoothness of Γ. An inspection of the information gathered above
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about the partial Newton subdivision implies that we can move the vertex of the
line along the horizontal bounded edge adjacent to v′ until the diagonal end of the
line reaches P ′. We conclude that B has shape (I).
(3c): We fix ρ = e1. First, assume v
′ is a type (5a) tangency. If so, the movement stops
at v′ and B has shape (M). By construction, v∨ is dual to a triangle obtained
by joining (3, 0) and (3, 1) to a vertex of the form (2, i) for i = 0, 1, 2. Applying
τ0◦τ1◦τ0, if necessary, we can ignore the case when i = 3. Both v′ and the leftmost
vertex v′′ of the horizontal bounded edge of Γ containing P are in the closure of
the same bounded connected component of R2 r Γ. This component is dual to
x2yi. The vertex v′′ is dual to a triangle with vertices (2, i) and (1, j), (1, j + 1)
for j = 0, . . . , 3.
On the contrary, if v′ is a type (6a) tangency, then (v′)∨ is a triangle with
vertices (2, 0), (3, 0) and (3, 1). In particular, v′ is adjacent to a slope −1 bounded
edge of Γ. We let v′′ be the second endpoint of this edge. The bounded edge of Γ
containing P is horizontal, and dual to an edge with vertices (1, i), (1, i + 1) for
i = 0, . . . , 3. These facts allow us to move v′ left-wise in the horizontal direction
in the connected component of R2 r Γ dual to x2y until the diagonal end of the
line meets v′′. Throughout, the vertex of Γ remains in the same component. We
conclude B has shape (J).
Next, assume v has a (6a) type tangency. If P is a tangency of type (3c), then v can
only move in the direction of ρ. Assuming that ρ = e1, we conclude that P is on a bounded
horizontal edge of Γ. Thus, B has shape (H’) and the Newton subdivision of q has the
same features as that of shape (H).
Finally, suppose P is a type (2) tangency, and we fix ρ = −(e1 + e2). The action of
τ0 restricts the possibilities for v
∨ to a sigle one, namely the triangle with vertices (0, 0),
(1, 0) and (1, 1). In this situation, since dimB = 1, we cannot move v along its adjacent
slope −1 bounded edge. Thus, we can only move v to the right along the adjacent bounded
horizontal edge. We let v′′ be the second endpoint of this edge. The tangency P travels
along a bounded edge e′ with direction (1,−1), (3,−1) or (1, 3).
Notice that the second endpoint P ′ of e′ cannot be v′′ since otherwise we would have
P ′ ∈ B and the bitangent associated to it will have a connected intersection with Γ. This
forces the movement of v to stop either at v′′ or when the diagonal end of the line meets
P ′, whatever comes first. An analysis of the Newton subdivision imposed by v′ and e′
using the smoothness of Γ allows us to conclude that P ′ ≺d v′′. Thus, we stop before we
reach v′′. Thus, B has shape (K). 
Lemma 4.8. Let B be a bounded one-dimensional bitangent class of Γ where every member
intersects Γ in two connected components of multiplicity 2. Then, up to S3-symmetry, B
has shape (E), (F) or (G).
Proof. Since B is bounded, Lemma 3.6 ensures that the two tangency points of every
member in the interior of a one-cell of B lie in distinct ends of the corresponding bitangent
line. We fix such a line Λ and let P,P ′ be the two tangency points.
Since dimB = 1, we know P must be of type (3a) or (3c). We let e be the bounded
edge of Γ containing P . By S3-symmetry, we assume P and P
′ lie on the horizontal and
diagonal ends of Λ, respectively. The tangency type of P ′ can be either (1) or (2). The
bounded edge e′ of Γ adjacent to P ′ responsible for this tangency has direction (−1, 1),
(1, 3) or (3, 1). Our assumptions on B ensure that e′ and e are not adjacent in Γ. We let
vl, vr, v
′
l and v
′
r be the left- and rightmost endpoints of e and e
′, respectively.
We analyze two cases, depending on the tangency type of P . In both situations, v and
e′ lie in the boundary of the same connected component of R2 r Γ, and e∨ must have
vertices (1, i) and (1, i+ 1) for i = 0, . . . , 3.
(3a): In this case, i = 0 and the shape of B is determined by the relative order of the
vertices of e and e′ with respect to the diagonal. By construction, v′l d v ≺d vr.
Furthermore, we claim vl ≺d v′l and v′r ≺d vr. If so, B must have shape (G).
The validity of the last two inequalities follows by analyzing all possible triangles
v∨l and v
∨
r that can arise. The edge e
∨ is common to both. We let (0, j) and (2, k)
be the vertices fixing these two triangles with j = 0, . . . , 4 and k = 0, 1, 2. Both
inequalities are proven using similar arguments, so we only discuss the first one.
We argue by contradiction. Assume that v′l d vl. If j = 0 or 1, this inequality
allows us to move v along e until we reach vl. Then, vl becomes a type (5a) or (6a)
tangency. By Lemma 3.2, we can further move v along the unbounded direction
R≤0(e1 + e2). This cannot happen since B is bounded.
If j = 3, then vl is adjacent to an edge with direction (1, 2). The convexity of the
component of R2rΓ dual to x ensures that vl ≺d v′l, contradicting our assumption.
Finally, if j = 4, then vl and v
′
l are adjacent in Γ. Under these conditions, we can
move v until we reach vl, but at this point, vl becomes a multiplicity four tangency
point. This is not allows by our hypothesis on B.
(3c): In this situation, v must belong to the connected component of R2 r Γ dual to
some xj. The nature of e′ ensure that j = 2, and furthermore, (e′)∨ joins (2, 0)
with either (3, 1) or (1, 3). Thus, vr ≺d v′r and when we move v in the direction
−e1, we are forced to stop when the diagonal end of the line meets v′l. At this
point, we are still in the same connected component of R2 r Γ.
In turn, when moving v in the direction e1, the slope of e
′ determines the shape
of B. If e′ has direction (3, 1), our movement stops when v′r meets the diagonal
end of the line. For this it follows that B has shape (E). On the contrary, if e′ has
direction (1,−1) then we stop moving when we reach e′. This will occur in the
relative interior of e since otherwise we could continue moving to the right along
an horizontal ray so B would be unbounded. Thus, B has shape (F). 
We conclude with the classification of the remaining zero-dimensional bitangent classes:
Lemma 4.9. Let B be a zero-dimensional bitangent class for Γ whose unique member
intersects Γ in two connected components. Then, B has either shape (A) or (B).
Proof. Our assumptions on B imply that the corresponding bitangent line Λ has two
tangency points of type (3), each on a different end of Λ. Without loss of generality, we
assume them to be the horizontal and vertical ones, and let e and e′ be the corresponding
bounded edges of Γ realizing these two tangencies. By construction, e∨ and (e′)∨ are
obtained by joining vertices (1, i) and (1, i + 1), respectively (j, 1) and (j + 1, 1) for i =
0, . . . , 3 and j = 0, . . . , 3. In addition, the right vertex of e, labeled vr, must be to the left
of the top vertex of e′, which we call v′t.
There are two cases to analyze, depending on B ∩ Γ = ∅ or not. In the first situation,
B lie in the unbounded connected component of R2 r Γ dual to x2y2 and has shape (A).
In the second situation, both vl and e
′ lie in the boundary of the same bounded connected
component of R2 r Γ, namely the one dual to x3y. This implies that j = 2 and (v′t)∨ is
obtained by joining (e′)∨ to a vertex (k, 2) with k = 0, 1, 2. For all values of k, vr is below
v′t, so B lies in the relative interior of e′ and has shape (B). This concludes our proof. 
Our combinatorial classification of bitangent shapes yields the following convexity result
for bitangent classes summarized in Theorem 1.1:
Corollary 4.10. The bitangent classes associated to a smooth generic tropical plane quar-
tic Γ are min-convex sets. Out of 39 possible S3-representatives of bitangent shapes, only
eight of them are finitely generated tropical polytopes, namely (A) through (G) and (W).
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Figure 8. Newton subdivisions corresponding to all 39 bitangent classes.
COMBINATORICS AND REAL LIFTS OF BITANGENTS TO TROPICAL QUARTIC CURVES 23
Remark 4.11. By [13, Theorem 14 and Proposition 15], the linear systems of all effective
tropical theta characteristiscs on the skeleton of Γ are finitely generated tropical convex
set. Corollary 4.10 highlights a fundamental difference between complete linear systems
on abstract and embedded tropical curves.
The proof of Lemmas 4.5 through 4.9 yield the following important combinatorial con-
sequence, which plays a crucial role in the lifting results discussed in Sections 5 and 6:
Corollary 4.12. The existence of a bitangent shape representative for Γ partially de-
termines the Newton subdivision of q. Figure 8 summarizes our findings for chosen S3-
representatives of each shape. Restrictions arising from non-representative shapes can be
obtained by using the maps τ0 and τ1 from Table 3.
Remark 4.13. Next, we explain the color coding in Figure 8 (which is available on the
online version of this article.) Solid black edges must be part of the given subdivision but
do not contain any tangency points. Dotted colored edges indicate potential edges, one of
which must occur. The red, green and purple ones correspond to horizontal, vertical and
diagonal type (3a), (3b) or (3c) tangencies, while blue edges come from type (1) or (2)
tangencies. Pink edges are responsible for a combination of a non-proper tangency along
a bounded edge, followed by in unbounded cell of B with the same direction. Similarly,
black vertices are always present, whereas colored vertices are either endpoints of the
corresponding optional dotted edges or they form a triangle with an edge of the same
color. Finally, colored circled black dots indicate a connected component of R2 r Γ that
contains the endpoint of a type (3c) tangency (with the same color) in its closure.
5. Lifting tropical bitangents
The techniques developed by Len and the second author in [25] produce concrete for-
mulas for lifting tropical bitangents over the field K. We are interested in extending these
results to real lifts, that is to compute the number of bitangent triples (ℓ, p, p′) associated
to a fixed tropical bitangent where ℓ is defined over KR. In this section, determine the local
lifting multiplicities over KR as in [25]. These refined formulas will be used in Section 6
to prove Theorem 1.2.
We start by reviewing the lifting multiplicities over K for each tangency type. The
combinatorial classification developed in Section 4 allows us determine all possible combi-
nations of local tangencies that can occur within each class by imposing restrictions in the
Newton subdivisions of q where a given shape can arise. Most notably, the proof of Propo-
sitions 4.1, 4.2 and 4.4 combined with Table 5 provide extra information regarding which
points of B admit lifting to a K-bitangent triple (ℓ, p, p′). We record this data by assigning
this lifting multiplicity as the weight of the point in B. Its value can be 0, 1, 2 or 4.
Here is the precise statement that justifies the weight assignment in Figure 6:
Theorem 5.1. There are 23 combinations of distinct unordered pairs of local tangencies
that arise from tropical bitangents to generic smooth tropical plane quartics (see Table 9).
Furthermore, only 13 of them lift to bitangent triples defined over K.
In turn, five out of the 23 pairs admit a multiplicity four tangency. Their types are (1),
(3b), (4), (5b) and (6b). Assuming the plane quartic has no hyperflexes, only the last two
lift to a K-bitangent triple. They are members of a bitangent class of shape (II).
The proof of the multiplicity four claim in the theorem is given in Appendix A. The
statement for the multiplicity two tangencies follow from Table 5 and Theorem 2.11. As an
example, we show why the unordered pair of tangency types ((2),(3b)) is never realizable
over K. The remaning non-liftable combinations can be argued by the same methods.
Indeed, Corollary 4.12 and Remark 4.13 imply that a pair of (3b) and (2) local tangencies
only occurs at certain vertices of shapes (X), (Z), (AA), and (EE) through (HH). The
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types (1) (2) (3a) (3b) (3c) (4) (5a) (6a)
(1) X X X X X X X X
(2) X X X X X X X
(3a) X
(3b) X X
(3c) X X X X
Table 9. Combinations of unordered pairs of distinct local tangencies that
arise from tropical bitangents to generic smooth tropical plane quartics Γ.
The boxed ones are the only ones arising from classical bitangent triples.
Multiplicity four tangencies are discussed in Appendix A.
corresponding bitangent lines Λ have two properties: first, the set Γ ∩ Λ is disconnected
and, second, the tangency points lie in the relative interiors of the same end of Λ. Thus,
by Theorem 2.11 (ii) we conclude that Λ does not lift to a K-bitangent triple.
In order to address liftings over KR, we start by describing the lifting formulas over K
from [25]. Indeed, by Lemma 2.9, each bitangent lift (ℓ, p, p′) is unique determined by the
initial forms of m,n from (2.1), and the coordinates of p and p′. In turn, the formulas for
the initial forms of the coefficients m and n of ℓ are either rational functions of the local
equations of q at the tangency points (giving local lifting multiplicity one), or they involve
square roots in the coefficients of these local equations (and so the lifting multiplicity is
two.) In the first case, the initial forms will automatically be real because q ∈ KR[x, y]
and the resulting bitangent lift will be defined over KR.
Thus, in order to determine lifting multiplicities over KR, we need only study combina-
tions of tropical bitangents corresponding to vertices of bitangent classes with weight 2 or
4. In this situation, the local local lifting formulas will involve square roots of the local
coefficients of q. This allows us to restrict our attention to local liftings formulas for five
tangency types: (3a), (3c), (5a), (4) and (6a). Each of these cases will yield either 0 or 2
lifts over KR. Applying these results for the higher weight vertices of each shape will yield a
total of zero or four real lifts for each bitangent class, as stated in Theorem 1.2. Type (3b)
tangencies that lift over K only occur for shape (C). We discuss them in Proposition 6.4.
As discussed in Subsection 2.2 the local system defined by a multiplicity two tangency
point determines either m, n¯ or m/n¯ depending on the end of Λ containing the tangency.
Our formulas for certifying their realness will depend on the positivity of product of the
initial forms of the coefficients aij of q and other coefficients of ℓ. We list them in Table 10.
The specific aij ’s that are involved in the formulas depend on both the tangency type and
the end of Λ producing this tangency. Table 9 restricts our study to seven combinations.
Figure 9 shows the cells in the Newton subdivision that are involved in each case, using
the same color-coding as Figure 8.
Our next results explain the formulas in Table 10, starting with types (3a) and (3c):
Proposition 5.2. Assume V (q) is defined over KR. Let Λ be a tropical bitangent to Γ
with a local tangency P of type (3a) or (3c) along a horizontal (respectively, vertical) edge
e of Γ. Then, there are either zero or two real solutions for m (respectively, m/n) for the
local equations in (m,n, p) determined by Trop p = P .
Necessary and sufficient conditions for a real solution to exist are determined by the
positivity of specific polynomials in the signs of n¯ and the four coefficients aij from (2.2)
in the dual cells to the vertices of e (seen in Figure 9). The precise formulas are given
in Table 10. Furthermore, whenever real solutions for m (respective m/n) exist, then the
sign of its initial form equals suvsu,v+1 (respectively, suvsu+1,v).
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Figure 9. Relevant cells in the Newton subdivision of q and their position
in Z2, for each tangency type and end of Λ. For cases (4), (5a) and (6a),
this data can be deduced from a single vertex, labeled by (u, v).
Proof. Without loss of generality we assume q ∈ R[x, y] rMR[x, y]. The statement and
formulas when the edge e is vertical follow from those for the horizontal case by using the
map τ0 from Table 3. Thus, it suffices to prove the statement when e is horizontal.
As Figure 9 indicates, the dual edge e∨ in the Newton subdivision of q has vertices
(u, v) and (u, v + 1). The are connected to vertices (u − 1, w) and (u + 1, r). We argue
for each local tangency type separately. Following the modification and re-embedding
techniques from [25], we write m = m1 +m2 with val(m) = val(m1) < val(m2). We set
m1 = au,v/au,v+1 ∈ KR as in [25, Proposition 3.7] and determine two solutions for the
initial forms of m2 using [25, Lemma 3.9]. Each one will yield a unique m2 by Lemma 2.9.
Case (3c): After translation if necessary, we set P = (0, 0). Since P is the midpoint
of e, the vertices of e equal (0,−λ) and (0, λ) for some λ > 0. Furthermore, we have
val(au,v) = val(au,v+1) = 0, val(au−1,w) = val(au+1,r) = λ and all other aij ∈ M. Our
solutions m will have the form m = m1+m2 with val(m) = val(m1) = 0 and val(m2) = λ.
In particular, m = m1, so the sign of m agrees with that of m1, namely suvsu,v+1. In what
follows, we explain how to compute the parameter m2.
We start by re-embedding V (q) in (K∗)3 via the ideal I = 〈q, z − y − m1〉. We let
q˜(x, z −m1) =
∑
i,j a˜ijx
izj ∈ KR[x, z] be the polynomial defining the projection of V (I)
onto the xz-space. Our choice of m1 fixes the valuations of four coefficients in q˜:
val(a˜u−1,0) = val(a˜u+1,0) = λ, val(a˜u,1) = 0 and val(a˜u,0) > λ.
Furthermore, we have val(a˜u,1 + (−m1)v au,v+1) > 0, whereas
(5.1) val(a˜u−1,0 − au−1,w(−m1)ω) > λ and val(a˜u+1,0 − au+1,r(−m1)r) > λ.
As a consequence, the Newton subdivision of q˜ satisfies two combinatorial properties:
(i) it contains the triangle with vertices (u− 1, 0), (u+ 1, 0) and (u, 1);
(ii) the lattice point (u, 0) is not a vertex of this subdivision.
In particular, the tangency point p viewed in V (I) has tropicalization Trop(p) = (0, 0,−λ).
In turn, [25, Lemma 3.9] implies that val(m2) = λ and that there are two solutions for
m2, each determined by its initial form. Their values are
(5.2) m2 = ± 2
a˜u,1
√
a˜u−1,0 a˜u+1,0.
We conclude thatm2 ∈ KR if, and only if, the radicand is positive. The expressions in (5.1)
yield the formula for determining the positivity of this radicand as listed in Table 9.
Case (3a): After translation if necessary, we me assume the leftmost vertex of e is
(0, 0) and fix (N, 0) as the vertex of Λ with N > 0. For any bitangent triple (ℓ, p, p′) lifting
Λ we have val(m) = 0, val(n) = N and Trop p = (N/2, 0). Our assumption on q ensures
that val(au,v) = val(au,v+1) = val(au−1,w) = 0 and all other aij lie in M. In addition, since
the local (3a) tangency lies in the relative interior of the edge e, we have val(au+1,r) > N .
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type condition for real solutions coefficient end of Λ
(3a)
(−1)w+v+1(suvsu,v+1)w+vsu−1,w su,v+1 sign(n¯) > 0 m horizontal
(−1)w+u+1(suvsu+1,v)w+usw,v−1 su+1,v sign(n¯) > 0 m/n vertical
(3c)
(−1)r+w(suvsu,v+1)r+wsu+1,r su−1,w > 0 m horizontal
(−1)r+w(suvsu+1,v)r+wsr,v+1 sw,v−1 > 0 m/n vertical
(4), (6a)
− sign(n¯)suvsu+1,v+1 > 0 m diagonal
− sign(m)su,v+1 su+2,v > 0 n horizontal
(5a)
sign(n¯)su+1,vsu,v+1 > 0 m diagonal
sign(m)su+1,v+1su+1,v > 0 n horizontal
Table 10. Real local lifting conditions for m, n¯ and m/n¯ imposed by
tangency types and ends of Λ producing the tangencies. For types (4)
and (6a), the second tangency point lies in the end of Λ producing the first
tangency. For type (5), we indicate the end of Λ where the second tangency
occurs. Here, sij is the sign of the initial coefficient aij of the monomial
xiyj in q. The subindices correspond to vertices depicted in Figure 9.
By Theorem 2.11 (ii), the second tangency point between Λ and Γ must be on a non-
horizontal end of Λ. Upon acting by S3, we may assume it is the diagonal one. In
particular, the corresponding local equations will fix the input values for n, thus explaining
the appearance of this parameter in the formulas for the (3c) entries of Table 10.
As before, we pick m1 = au,v/au,v+1 ∈ KR and re-embed V (q) in (K∗)3 via the ideal
I = 〈q, z−y−m1−nx〉. We study TropV (I) through its projection to the xz-plane. This
reduces to determining relevant cells in the Newton subdivision of q˜(x, z) = q(x, z−m1−n).
Our choice ofm1 ensures that the Newton subdivision of q˜ satisfies the same two properties
as it did for type (3c) and Trop p = (N/2, 0,−N/2). However, in this new setting, the
parameter n contributes to the relevant four coefficients of q˜.
We determine the valuations these coefficients by “cone feeding” using the monomials
xu−1yr, xuyv, xuyv+1 and xu+1yw in q and the substitution y = z−m1−nx. In particular,
val(a˜u−1,0) = val(a˜u,1) = 0, val(a˜u+1,0) = N , val(a˜u,0) > N . Furthermore,
(5.3) val(a˜u−1,0 − au−1,w(−m1)w) > 0, val(a˜u+1,0 − au,v+1(−m1)v (−n)) > N,
We can thus apply [25, Lemma 3.9] again to conclude that the values for m2 agree with
those in (5.2). When this radicand is positive we will get (two) solutions m2 ∈ KR. The
expressions in (5.3) yield the desired formula in Table 10. 
As seen in Table 5, lifting formulas for type (4) and (6) tangencies depend on the second
tangency point of Λ. In particular, having lifting multiplicity two restricts the direction v
of the bounded edge of Γ responsible for the tangency. In particular, since det(u, v) = 2
we know that the end of Λ (with direction v) containing the second tangency point is also
responsible for the first tangency (associated to u). Such situations manifest themselves
at vertices of bitangent shapes (F), (H), (H’), (J), (K), (L’), (T), (T’), (T”) or (U).
Next, we discuss real lifts to these local tangencies of types (4) and (6a):
Proposition 5.3. Assume V (q) is defined over KR and that the vertex of Λ produces a local
tangency of type (4) or (6a) along the diagonal (respectively horizontal) end of Λ. Assume
its local lifting multiplicity is two. Then, the local system at this tangency determines two
possible solutions for the coefficient m (respectively, n) over K. These solutions lie in KR
if, and only if, an explicit monomial in the signs of a¯ij and n¯ (respectively, m) is positive.
The precise formula is given in Table 10.
Proof. We prove the statement for the diagonal end of Λ. The result for the horizontal
one will be deduced by applying the map τ1 from Table 3.
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By construction, the second tangency point must be of type (2) or (3c) and will lie in
the diagonal of Λ. In both situations, this data determines the value of n. We assume n¯
to be in KR, since otherwise ℓ will not be defined over KR. As usual, we may place the
vertex of Λ at (0, 0) and take q ∈ R[x, y]rMR[x, y]. In particular, m,n ∈ R for any lift.
We compute explicit solutions for m and the tangency point p = (x, y) with Trop p =
(0, 0) from their initial forms using the techniques from [25, Proposition 3.10]. In the
notation in Figure 9, the system in (m, x¯, y¯) defined by the initial forms of q, ℓ and the
Wronskian W =W (q, ℓ, x¯, y¯) becomes q = ℓ =W = 0, where ℓ := y¯ +m+ n¯ x¯,
q := x¯uy¯v(au,v + au+1,v+1 x¯ y¯ + δ au+1,v x¯) and W := det(Jac(q, ℓ; x¯, y¯)).
We set δ = 0 if (0, 0) is a type (4) tangency and δ = 1, if it has type (6a).
The monomial factor in q can be neglected when determining W . Thus,
W = n¯ au+1,v+1 x¯− (au+1,v+1 y¯ + δ au+1,v) = 0
Solving for x¯ in q and substituting this expression for W yields the quadratic expression
au+1,v+1
2y¯2 + 2au+1,v au+1,v+1 δ y¯ + (δ
2 au+1,v
2 + n¯ au,v au+1,v+1) = 0.
Its solutions are y¯ = 1au+1,v+1
( − δ au+1,v ±√−au,v au+1,v+1 n¯). Substituting these ex-
pressions in ℓ determines a unique solution in m for each one. This solution is real if, and
only if, −au,v au+1,v+1 n¯ > 0. Computing this sign yields the formula in Table 10.
A simple calculation shows that the initial form of the Jacobian of the local system
with respect to (m,x, y) does not vanish at our solutions (m, x¯, y¯). Lemma 2.9 guarantees
a unique solution (m,x, y) for (q, ℓ,W ) for each (m, y¯, x¯). Thus, the condition to ensure
local solutions over R yield the same number of solutions over KR. 
Remark 5.4. Proposition 5.3 is enough to address almost all liftings where one of the
tangency points is of type (6a). The only missing case corresponds to the top-left vertex in
Shape (T”), since its dual cell in the Newton subdivision of q is the triangle with vertices
(0, 0), (0, 1) and (1, 1). The formula to guarantee two real solutions in m/n becomes
− sign(n¯)s00s11 > 0. We derive it from the (diagonal) condition in Table 10 by applying
the map τ0 and noticing that (m,n) becomes (m/n, 1/n) under this transformation.
Remark 5.5. Local tangencies of type (5a) that are liftable over K occur for three repre-
sentative shapes: (I), (L) and (M). In the first two cases, the second tangency point has
type (2) and lies on the diagonal of Λ. For the later, the second tangency is of type (3c)
along a horizontal edge of Γ.
The local lifting condition over KR for the diagonal (5a) tangency is given in Table 10
and can be obtained following the same arguments as in the proof of Proposition 5.3. The
condition for the horizontal (5a) tangency is derived from the diagonal one by applying
the map τ1. In this case, the roles of m and n are switch and the relevant signs are those
associated to the vertices (u+ 1, v) and (u+ 1, v + 1) in Figure 9.
Almost all local conditions listed in Table 10 for determining solutions over KR for one
coefficient of ℓ require us to know the sign of the initial form of the second coefficient of
ℓ. This data is obtained from the second tangency of Λ and can be read off from Table 9.
In particular, when this point has type (2) and lies in the diagonal or vertical ends of Λ,
then it uniquely determines n or m/n in KR, respectively. Our last result in this section
computes the sign of these expressions in terms of the coefficients of q ∈ KR[x, y]:
Lemma 5.6. Assume Λ has a type (2) tangency point along its diagonal (respectively,
vertical) end. Let e be the edge of Γ producing this multiplicity two tangency. Then, the
sign of the unique solution n (respectively, m/n) to the local tangency equations equals
−svlsvr , where vl and vr are the vertices of the cell e∨ in the Newton subdivision of q.
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Shape Lifting conditions
(A) (−s1vs1,v+1)is0is22 > 0 and (−su1su+1,1)jsj0s22 > 0
(B) (−s1vs1,v+1)i+1s0is21 > 0 and (−s21)j+1s31js1vs1,v+1sj0 > 0
(C)
{
(−s11s12)is0is20 > 0 and (−s21s12)ksk,4−ks20 > 0 if j = 2,
(−s11)i+1si12s21s0isj0 > 0 and (−s21)k+1sk12s11sk,4−ksj0 > 0 if j = 1, 3.
(H),(H’) (−s1vs1,v+1)i+1s0is21 > 0 and s1vs1,v+1s21s40 < 0
(M) (−s1vs1,v+1)i+1s0is21 > 0 and s1vs1,v+1s30s31 > 0
(D) (−s10s11)is0is22 > 0
(E),(F),(J) (−s1vs1,v+1)is0i s20 > 0
(G) (−s10s11)is0i sk,k−k > 0
(I),(N) s10s11s01sk,4−k < 0
(K),(T),(U),(V) s00sk,4−k > 0
(L),(O),(P) s10s11s01s22 < 0
(L’),(Q),(R),(S) s00s22 > 0
rest no conditions
Table 11. Real lifting sign conditions for each representative bitangent class.
Proof. We prove the analogous statement when the type (2) tangency point P lies in the
horizontal end of Λ, since the explicit local solutions for m computed in [25, Proposition
4.6] require this setting. Since the local lifting multiplicity of P is one by Table 5, we know
m ∈ KR. We show that the sign of m becomes −svlsvr if e∨ joins vl and vr. The statement
for the diagonal and vertical ends follow by applying τ0 and τ1 since these turn m into n
and m/n, respectively.
It remains to prove the formula for sign(m). Up to translation, the cell dual to P is
the triangle with vertices (0, 0), (u, v) and (r, w), with vl − vr = (u − r, v − w). Up to a
monomial shift, we have q := a¯+ b¯ x¯u y¯v + c¯ x¯r y¯w. Thus, [25, Table 1] implies
m = (−B
u
Ar
)(uw−vr), where A = − c¯ r B
ub¯
and B = − a¯ u
c¯ (u− r) .
Since the tangency is horizontal, we have uw − vr = ±1 and u− r = ±2. Thus,
(5.4) sign(m) = (−1)r+1(r u)r sign (c¯ b¯)r.
As Table 4 shows, there are three S3-representatives for the direction of (u − r, v − w),
namely (−2, 1), (2, 1) or (−2, 3). This gives six possible combinations for (u, v) and (r, w):
((u, v), (r, w)) = ±((1,−1), (−1, 0)), ±((1, 1), (−1, 0)), or ± ((1,−1), (−1, 2)).
Substituting these values in (5.4) yields −suvsrw = −svlsvr as we wanted to show. 
6. Real liftings of tropical bitangents
Section 5 addresses local liftings over KR and provides the combinations of tangency
types that can occur for members of all bitangent shapes. In this section we combine
these results to prove Theorem 1.2 and show the validity of the formulas in Table 11. To
do so, we analyze each of the 39 S3-representatives of bitangent shapes in Figure 6.
Throughout we assume V (q) is generic as in Remark 2.10 and defined over KR. Members
of bitangent classes with weight one will automatically lift over KR, so we need only look
at vertices with weights two or four. For each such member, we combine the local sign
conditions given in Table 10 arising for each tangency point and verify the system of two
inequalities is either consistent or has no solution. This proves Theorem 1.2 for bitangent
classes with a single higher weight member. When two members of a class have weight
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two, we show the local conditions on each vertex agree, thus giving a global affirmative
answer for the class. Our first result involves shapes with exactly four lifts over KR:
Proposition 6.1. Bitangent shapes (II), (W), (X), (Y), (Z) or (A) through (HH) have
four real lifts.
Proof. Since all weight one members lift over KR, we only need to show the statement
holds for (II). We work with the S3-representative depicted in Figure 6 and show that its
single weight two member has two bitangent lifts over KR. Combined with the two real
lifts for the weight one vertices, we get four real lifts in total for shape (II).
We let Λ be the tropical bitangent associated to the weight two vertex for this shape.
Its two tangency points have types (3a) and (2) along the horizontal and vertical ends of
Λ, respectively. The first point yields two solutions for m ∈ K with m ∈ R, whereas the
second one determines a unique value for m/n ∈ KR. In particular, n¯ ∈ R.
In order to check the validity of the local lifting conditions given in Table 10 for the first
point we must determine the sign of both m and n¯ and relevant vertices in the Newton
subdivision of q seen in Figure 9. Using Figure 8 (II), we conclude that (u, v, w) = (1, 2, 0)
for the type (3a) tangency. Proposition 5.2 provides the sign of m ∈ R: it is s12s13.
The vertex where the tangency (2) occurs is adjacent to an edge e with direction (−2, 1).
Its dual edge e∨ has endpoints vr = (0, 0) and vl = (1, 2). In turn, Lemma 5.6 determines
the sign of m/n¯ from these two vertices: it equals −s00s12. Thus,
(6.1) sign(n¯) = −s00(s12)2s13 = −s00s13.
We will have two solutions in KR for m and thus two real bitangent lifts for if and only if
the formula in Table 10 for a horizontal type (3a) tangency holds. Replacing the values for
(u, v, w) computed earlier and sign(n¯) given in (6.1) yields a positive expression, namely:
(−1)0+2+1(s12s13)0+2s00 s13(−s00s13) =
(
s00s12(s13)
2
)2
= 1. 
The remaining 26 shapes in Figure 6 have four bitangent lifts over K, and it is possible
for none of them to be defined over KR. To prove Theorem 1.2 for these cases, we group
together shapes arising from partial Newton subdivisions of q sharing similar combinatorial
properties, as we did in Section 5.
Next, we address those shapes listed in the second row of Table 6 where the K-realizable
bitangent members have a disconnected intersection with Γ.
Proposition 6.2. Bitangent shapes (D), (L), (L’), or (O) through (S) have either zero or
four lifts over KR. Furthermore, the S3-representatives listed in Figure 6 have four lifts
over KR if, and only if,
(6.2) (−1)i(s10 s11)i s0is22 > 0.
Here, (0, i) is the red marked vertex in the corresponding partial Newton subdivisions de-
picted in Figure 8. In particular, i = 0 for shapes (L’), (Q), (R) and (S), i = 1 for (L),
(O) and (P), whereas i ≥ 2 for (D).
Proof. We discuss the statement for the S3-representatives. The proof of Proposition 4.2
ensures that each of the two members of each bitangent class with weight two have two
distinct tangency points. For the left-most vertex, the corresponding line Λ has local (3c)
and (2) type tangencies, along its horizontal and vertical ends. By Proposition 5.2, the
first point yields two values for m ∈ K with m ∈ R, whereas the second determines a
unique m/n ∈ KR.
In the notation of Figure 9 we have (u, v, r, w) = (1, 0, 2, i) for the type (3c) tangency,
thus the value of w changes depending on the shape, as was indicated in the statement.
By Proposition 5.2, the sign of m equals s10s11.
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The edge e responsible for the type (2) tangency has direction (2,−1). Its dual e∨
has vertices vl = (1, 0) and vr = (2, 2). Replacing this data in the formula for the (3c)
horizontal tangency in Table 10 and ignoring terms with even powers yields the expression
(6.2) as the condition for having two solutions for m in KR.
To conclude, we must show the same necessary and sufficient condition for lifting over
KR arises for the other member of the class that has weight two. We let Λ
′ be the
corresponding tropical bitangent and let m′ and n′ be the coefficients of one of its lifts in
K. We argue for each shape separately:
(D): The local tangencies are of type (3a) and (2) and occur along the horizontal
and diagonal ends of Λ′. In this situation, the first point determines two possible
values for m′ in K and the second one determines a unique solution n′ ∈ KR. The
dual edge arising from the latter has vertices v′l = (1, 1) and v
′
r = (2, 2), so the sign
of n′ is −s11s22 by Lemma 5.6. Furthermore, the values for (u, v, r, w) for the first
tangency point agree with those given for the line Λ. Replacing this information
in the formula from horizontal (3a) tangencies in Table 10 yields (6.2).
(L) and (L’): The local tangencies are of type (5a) (respectively, (6a) diagonal) and
(2). The second point lies in the diagonal end of Λ′. By Remark 5.5, the first point
determines two solutions for m′ ∈ K, and the second a single value n′ ∈ KR. Since
v′l = (1, 1) and v
′
r = (2, 2), Lemma 5.6 yields sign(n
′) = −s11s22. For the first
tangency point we have (u, v) = (0, 0) for both shapes.
Applying the formulas in Table 10 for (5a) and (6a) for the diagonal end gives
the conditions −s11s22s10s01 > 0 and s00s22. Since i = 0 for shape (L) and i = 1
for shape (L’), these two inequalities agree with expression (6.2).
(O): The two tangencies are of type (3a) and (2), and occur along the vertical and
diagonal ends of Λ′. In the notation of Figure 9, (u, v, w) = (0, 1, 1) for the first
point and the local equations determine m′/n′. The second tangency has the
same behavior as with shape (D) and it determines a unique value for n′ with
sign(n′) = −s11s22. Replacing these values in the formula from the table yields
−s01s10s11s22. This agrees with the condition in (6.2) since i = 1.
(P): In this case, we have a vertical (3c) tangency and a type (2) one along the
diagonal end of Λ′. The second point contributes a unique solution for n′ which
lies in KR. The first tangency point has associated combinatorial data (u, v, r, w) =
(0, 1, 2, 1). The formula in the table yields the condition −s01s10s11s22 for having
two solutions m′/n′ in KR. This is the same as the one in (6.2) since i = 1.
(Q): The two local tangencies are of type (4) and (2) and arise from intersections
with the diagonal end of Λ′. The relevant vertices in the Newton subdivision for
these two points are (u, v) = (0, 0), v′l = (1, 1) and v
′
r = (2, 2). In particular,
sign(n′) = −s11s22 from Lemma 5.6. Replacing this information in the formula for
diagonal type (4) tangency recovers (6.2).
(R): The reasoning for shape (O) works for this situation as well, except that the
vertical (3a) tangency yields (u, v, w) = (0, 1, 0), and we must set i = 0 in (6.2).
(S): The claim for this shape follows by the same arguments used in shape (P), with
the exception that (u, v, r, w) = (0, 1, 0, 1) for the vertical type (3c) tangency and
we must replace i = 0 in (6.2).
Thus, we conclude that either both members of the class lift twice over KR or none of
them do, and condition (6.2) characterizes when real solutions exist. 
Next, we discuss the remaining shapes except for shape (C), which we treat later:
Proposition 6.3. Bitangent shapes (A), (B), (E) through (K), (M), (N), (T), (T’), (T”),
(U) or (V) have either zero or four bitangent lifts over KR. The conditions for having real
lifts are given in Table 11.
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Proof. We use theS3-representative shapes and the associated partial Newton subdivisions
depicted in Figure 8. In all cases, we have either one or two member for each class that lift
over K, with a combined lifting multiplicity of 4. We prove the statement for each case,
grouping shapes whenever the Newton subdivisions have some common features.
(A): The unique member Λ of this bitangent class has two tangency points, both of
type (3c) along the horizontal and vertical ends. In the notation of Figure 9, we
have (u, v, r, w) = (1, v, i, 2) and (u, v, r, w) = (u, 1, j, 2) for these points. Substi-
tuting these values in the corresponding formulas in Table 10 gives two positivity
constraints for having two independent solutions for both m and n. Combining
them yields the two listed conditions in Table 11 for having KR-bitagent lifts.
(B): We have two tangency points; a horizontal (3c) one with (u, v, r, w) = (1, v, 1, i)
and a vertical (3a) one with (u, v, w) = (2, 1, j). By Proposition 5.2, the first
point determines two values for m ∈ K with m ∈ R of sign s1vs1,v+1. The second
one determines two solutions for m/n ∈ K with m/n¯ ∈ R of sign s21s31. Thus,
n¯ ∈ R and its sign is s1vs1,v+1s21s31. Substituting these values in the conditions
for real liftings in Table 10 and eliminating factors with even exponents yield the
two positivity conditions listed in Table 11.
(E), (F) and (J): Both weight-two vertices of the class have a horizontal (3c) tan-
gency with (u, v, r, w) = (1, v, 0, i) and a diagonal tangency (of type (2), (4) or
(6a)) with local lifting multiplicity one determining a unique value for n, therefore
in KR. The former determines two solutions for m ∈ K. The condition to have
bitangent lifts in KR is the same for both members, since the formula in Table 10
only depends on u, v, w and r. Eliminating factors with even exponents yields the
expected inequality from Table 11.
(G): Both members with weight two have a horizontal (3a) tangency with (u, v, w) =
(1, 0, i) combined with a diagonal type (2) tangency with vl = (1, 1) and vr =
(k, 4− k), where k = 0, 2 or 4. By Lemma 5.6, the unique value of n is in KR has
sign(n¯) = −s11sk,4−k. Thus, the condition for lifting each member over KR is the
same and it is obtained directly from the formula in Table 10.
(H) and (H’): The weight-four member has two horizontal tangencies; one of type
(3c) with (u, v, r, w) = (1, v, 1, i) and one of types (4) or (6a), respectively, with
(u, v) = (2, 0). By Proposition 5.2, the first point yields two solutions for m ∈ K
with m ∈ R of sign s1vs1,v+1. The second tangency point produces two values
for n ∈ K. Replacing the combinatorial data and the sign of m into the formulas
provided in Table 10 yields the two positivity conditions in Table 11.
(I) and (N): The leftmost weight-two member Λ of both shapes has a horizontal
(3a) tangency with (u, v, w) = (1, 0, 1) and a diagonal (2) tangency with vl = (1, 1)
and vr = (k, 4−k) for k = 0, 2 or 4. By Lemma 5.6, the latter determines a unique
solution for n ∈ KR with sign(n¯) = −s11sk,4−k. Replacing this data into the lifting
conditions for the other tangency yields −s10s11s01sk,4−k > 0. We must show that
this condition also arises for the other weight-two member of the class, labeled Λ′.
If the class has shape (I) (respectively, (N)) the tangency points of Λ′ are of
types (2) and (5a) (respectively, vertical (3a) with (u, v, w) = (0, 1, 1)). The former
occurs along the diagonal end of the tropical bitangent with vl = (1, 1) and vr =
(k, 4 − k) for k = 0, 2 or 4. In particular, the sign of n′ arising from Λ′ agrees
with the one for n¯ from Λ. For both shapes, the second tangency point determines
two solutions for m′ and the required data for the corresponding lifting conditions
in Table 10 is (u, v) = (0, 0) for shape (I) and (u, v, w) = (0, 1, 1) for shape (N). A
simply substitution recovers the expression obtained earlier for Λ.
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(K): The rightmost weight-two member Λ has tangencies of type (3a) and (2) along
the horizontal and diagonal ends. The first point determines two values for m
and (u, v, w) = (1, 0, 0). The second point has associated vertices vl = (1, 1) and
vr = (k, 4− k) with k = 0, 2, 4 in the Newton subdivision of q and yields a unique
solution for n ∈ KR with sign −s11sk,4−k by Lemma 5.6. Replacing this data on the
corresponding lifting conditions on Table 10 for the first point yields s00sk,4−k > 0.
We must check the other weight-two member of this class (called Λ′) has the
same constraint for lifting over KR. The tangency points of Λ
′ are of type (6a)
along the horizontal end with (u, v) = (0, 0) and of type (2) along the diagonal
end with associated vertices vl and vr given above for λ. The later determines a
unique n′ ∈ KR with initial form of the same sign as n¯. Replacing this into the
formula for horizontal type (6a) tangencies recovers s00sk,4−k > 0, as we wanted.
(M): In this case, the weight-four member has one horizontal (3c) tangency with
(u, v, r, w) = (1, v, 1, i), which determines two solutions in m with m ∈ R of sign
s1vs1,v+1 by Proposition 5.2. The value of r corresponds to the marked vertex
in Figure 8 (M). This second tangency has type (5a) with (u, v) = (2, 0) and yields
two solutions for n. Replacing this information in the two relevant lifting formulas
from Table 10 gives the two expressions in Table 11.
(T), (T’) and (T”): The combinatorial information for the leftmost vertex of shapes
(T) and (T’) matches. This is also the case for the rightmost vertex of shapes (T’)
and (T”). This reduces the number of lifting conditions to analyze to four tangency
pairs. We show that they all yield the same constraint, namely s00sk,4−k > 0.
We start with the two vertices of (T). They have diagonal tangencies of types
(4) and (2). The latter contributes a unique value for n ∈ KR with sign(n¯) =
s11sk,4−k, where k = 0, 2 or 4. The other tangency point fixes two values for m
and (u, v) = (0, 0) for both members. The lifting conditions for both vertices of
(T) agree and it comes from the formula in Table 10: it is s00sk,4−k > 0.
Next, we look at the righmost member of (T’), which has a diagonal (6a) tan-
gency with (u, v) = (0, 0) and a diagonal type (2) tangency giving sign(n¯) =
s11sk,4−k. Replacing this information in the appriapriate formula from the same
table recovers s00sk,4−k > 0. Finally, we look at the leftmost member of (T”). Ap-
plying τ0 turns this member into the rightmost member of a class with the same
shape. By Remark 5.4, the lifting condition we obtained before is invariant under
τ0, so it is also valid for the leftmost vertex of shape (T”).
(U) and (V): The combinatorial data for the rightmost vertex with weight two
agrees with the one for the analogs member on a class with shape (K). Thus, the
lifting conditions over KR for this vertex is s00sk,4−k > 0. We must check the same
inequality arises from the other weight-two members of these classes.
For shape (U), the tangencies occur along the diagonal end of the line. One is
of type (4) with (u, v) = (0, 0), and it determines two values for m, The other one
is of type (2) and gives a unique solution for n ∈ KR with sign(n¯) = −s11sk,4−k.
Replacing these values in the formula from Table 11 yields s00sk,4−k > 0.
For shape (V), the tangencies are of type (3a) along the vertical end of the line
with (u, v, w) = (0, 1, 0) and of type (2) along the diagonal. The latter gives a
unique solution for n with the same sign for n¯ as we obtained for (U). Substituting
this the lifting formulas for m from the other tangency yields s00sk,4−k > 0. 
We conclude by discussing the real-lifting conditions for shape (C). Up to translation, we
place this class at (0,0). The Newton subdivision of q ∈ KR[x, y] depicted in Figure 8 (C)
has three colored marked vertices: (0, i), (j, 0), (k, 4 − k). They determine the endpoints
of the three edges adjacent to (0, 0) in Γ. We let λ1, λ2, λ3 be the length of the vertical,
COMBINATORICS AND REAL LIFTS OF BITANGENTS TO TROPICAL QUARTIC CURVES 33
horizontal and diagonal edges of Γ adjacent to (0, 0). By Remark 2.10, we assume λ1 <
λ2 ≤ λ3. Our next result provides the real-lifting conditions for this representative shape,
adapting the ideas seen in proof of Proposition 5.2 for a type (3a) tangency.
Proposition 6.4. Consider the S3-representative bitangent class of shape (C) discussed
above. Then, this class has either none or exactly four bitangent lifts over KR. The
conditions for having real lifts depend on the marked vertices (0, 1), (j, 0) and (k, 4 − k):{
(−s11)i+1si12s21s0isj0 > 0 and (−s21)k+1sk12s11sk,4−ksj0 > 0 if j = 1, 3,
(−s11s12)is0is20 > 0 and (−s21s12)ksk,4−ks20 > 0 if j = 2.
Proof. We let (ℓ, p, p′) be one of the four bitangent lifts of the class over K. A simple
computation of the divisor associated to Λ in the skeleton of Γ places the two tropical
tangency point in Γ at Trop p = (λ1−λ22 , 0) and Trop p
′ = (λ3−λ12 ,
λ3−λ1
2 ).
By construction, val(a11) = val(a12) = val(a21) < val(alr) for all other (l, r) in the
support of q. Thus, after scaling q by 1/a12 if necessary, we may assume q ∈ R[x, y] with
a12 = 1 and val(a11) = val(a21) = 0 < val(ars). Furthermore,
(6.3) val(a0i) = λ2, val(aj0) = λ1 and val(ak,4−k) = λ3.
The coefficients of ℓ will have the form m = m1+m2 and n = n1+n2 with m1, n1 ∈ KR
satisfying val(m) = val(m1) = 0 < val(m2) and val(n) = val(n1) = 0 < val(n2). Lemma 6.5
below provides an explicit formula for m1 and n1 in KR with m1 = a11 and n1 = a21. Once
m1 and n1 are determined, there will be two independent solutions for m2, n2 ∈ K. Each
of them fixed by their initial forms.
Following [25, Proposition 3.12], we use m1 and n1 to re-embed V (q) in K
3 via the
ideal I := 〈q, z − y − m1 − n1x〉 ⊂ KR[x, y, z]. The choice of m1 and n1 ensures that
viewed in K3, the tangency points have tropicalizations Trop p = (−λ2−λ12 , 0,−λ1+λ22 ) and
Trop p′ = (λ3−λ12 ,
λ3−λ1
2 ,−λ1).
After projecting to the xz-plane, these two points are vertices of TropV (q˜) where
q˜(x, z) = q(x, z − m1 − n1x). By Lemma 6.5, their dual triangles in the Newton sub-
division of q˜ satisfy the requirements of [25, Lemma 3.9]. Moreover, the projection of
TropV (〈ℓ, z − y −m1 − n1x〉) to the xz-plane has vertex (0,−λ1). This gives two inde-
pendent values for m2 and n2 satisfying
(6.4) val(m2) = val(n2) = λ1, m2 = ± 2
a˜11
√
a˜00 a˜20 and n2 = ± 2
a˜21
√
a˜20 a˜40.
The formula for m2 can be obtained from [25, Table 1]. The one for n2 is obtained in the
same way, after acting by τ0.
Thus, m2, n2 ∈ KR if, and only if, the two radicands in (6.4) are positive. The explicit
values for a˜00, a˜20 and a˜40 depend on i, j and k, and are listed in Lemma 6.5 below. The
formulas in Table 11 are obtained from these positivity constraints after replacing each slr
by slrs12, to free ourselves from the simplifying assumption a12 = 1. 
Lemma 6.5. Let q ∈ R[x, y] and Γ be as in Proposition 6.4 with a12 = 1. Then, there ex-
ists m1, n1 ∈ KR of valuation zero, with m1 = a21 and m1 = a21, for which the coefficients
a˜lr of q˜(x, z) = q(x, z −m1 − n1x) satisfy:
(i) val(a˜00) = λ2, val(a˜40) = λ3, a˜00 = a0i(−a11)i, and a˜40 = ak,4−k(−a21)k;
(ii) val(a˜11) = val(a˜21) = 0, a˜11 = −a11 and a˜21 = −a21;
(iii) val(a˜10) >
λ1+λ2
2 , val(a˜30) >
λ3+λ1
2 , val(a˜20) = λ1, and
(6.5) a˜20 = a20 if j = 2, or a˜20 = −aj0 (a21/a11)2−j if j = 1, 3.
Proof. We follow the techniques developed in the proof of [25, Proposition 3.7]. The
conditions in the statement will guarantee that the Newton subdivision of q˜ has specific
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triangles involving (1, 1), (1, 2) and the points (0, 0), (2, 0) and (4, 0) in the x-axis, as seen
in [25, Figure 17]. In what follows, we give explicit formulas for m1 and n1. To simplify
notation, we write them as m1 = a11 +m
′
1 and n1 = a21 + n
′
1, with val(m
′
1), val(n
′
1) > 0.
The “cone feeding” process allows us to determine the expected valuations of all coef-
ficients a˜lr where (l, r) is in the trapezoid with vertices (0, 0), (1, 1), (2, 1) and (4, 0). The
claims for a˜00 and a˜40 in item (i) follow from (6.3) since a0,i and ak,4−k have the lowest
valuation among all a0r and ar,4−r, respectively. Similar reasoning yields the conditions
in (ii). To finish, we must show the claims in (iii).
We first focus on a˜10 and a˜30. We collect those alr yielding contributing summands for
these coefficients with the potential of having valuation < λ2 and λ3, respectively. This
yields (r, l) = (1, 1), (1, 2), (1, 0) for a˜10, and (r, l) = (1, 2), (2, 1) and (3, 0) for a˜30. This
process determines two univariate polynomials in m′1 and n
′
1:
(6.6) f := (m′1)
2 + a11m
′
1 + a10 and g := (n
′
1)
2 + a21 n
′
1 + a30.
Picking m′1 and n
′
1 to be roots of f and g with positive valuation, would ensure val(a˜10) ≥
λ2 and val(a˜30) ≥ λ3. These inequalities imply those in (iii) since λ3, λ2 > λ1.
In order to choose the appropriate roots of f and g, we notice that their valuation and
initial forms are determined by the initial forms of f and g in (6.6). Indeed, m′1 and n
′
1
must be solutions to f = g = 0 in R. In particular,
(6.7) val(m′1) = val(a10), val(n
′
1) = val(a30), m
′
1 = −
a10
a11
and n′1 = −
a30
a21
.
Since the initial form of the Jacobian J(f, g) does not vanish along (m′1, n
′
1), Lemma 2.9
yields unique solutions m1, n1 ∈ KR for f = g = 0 with positive valuations satisfying (6.7).
To conclude, we must verify that this choice ensures val(a˜20) = λ1. As before, we write
the contributions of arl to a˜20 producing summands with potential valuations ≤ λ1. They
come from (r, l) = (1, 1), (2, 1), (1, 2), and (2, 0). This gives the expression
h := a11n
′
1 + a21m
′
1 + 2n
′
1m
′
1 + a20(|j − 2| − 1),
since val(a20) ≥ λ1 and equality holds if, and only if, j = 2. Combining (6.7) with the
three choices for j yields val(h) = λ1, thus val(a˜20) = λ1. In all cases, the minimum
valuation among all summands of h is achieved exactly once. We calculate the initial form
a˜20 from this unique term. This produces (6.5). 
7. Tropical totally real bitangents classes
The machinery developed in [25] by Len and the second author to determine bitangent
to generic smooth plane quartics from their tropical counterparts produces all bitangent
triples to a give Λ from the local equations at the tropical tangent points. In particular,
these techniques allow us to decide when the tangency points lie in K2
R
.
Our main result in this section shows that this occurs whenever ℓ is defined over KR:
Theorem 7.1. Fix q ∈ KR[x, y] generic with Γ = Trop V (q) smooth and generic and let Λ
be a tropical bitangent to Γ. Assume (ℓ, p, p′) is a bitangent lift of Λ. Then, if ℓ is defined
over KR, so are p and p
′.
Proof. To prove the statement we analyze solutions for local lifting equations for Λ and Γ
at the two tropical tangency points. Appendix A discusses this result in the presence of a
multiplicity four tropical tangency. Thus, we focus on the case where Trop p 6= Trop p′.
The methods developed in [25, Section 4] determine (ℓ, p, p′) by computing the initial
forms m, n¯ of the coefficients of ℓ and the coordinates of p = (x¯, y¯) and p′ = (r, s) as
solutions to the systems q = ℓ = W = 0 at both Trop p and Trop p′. As we discussed
in Section 5, each system determines either p or p′ and one of m, n¯ or m/n¯, depending on
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the location of the tropical tangency point in Λ. The formulas from [25, Table 1] express
these solutions as rational functions in the initial forms aij and their radicands.
Furthermore, radicands appear only in the presence of local multiplicity two, as we saw
when proving the validity of the formulas in Table 10. These radicands feature in the
solutions for all three unknowns of each local system: either m, n¯ or m/n¯ and both entries
in p, respectively p′. Thus, the local solutions if and only if the initial of the relevant
coefficient (or ratio of coefficients) of ℓ is real. Since the local systems are independent
and Lemma 2.9 applies to both KR and K, we conclude that ℓ is defined over KR if and
only if the whole triple (ℓ, p, p′) is. 
We provide an example to illustrate the close resemblance among the explicit solution
formulas for all three unknowns of our local systems, complementing our discussion in the
proof of Proposition 5.3.
Example 7.2. We fix a bitangent Λ to a tropical plane quartic TropV (q) with q ∈ KR[x, y]
generic, and let (ℓ, p, p′) be a bitangent triple associated to Λ. We assume the vertex of Λ
is the tangency point Trop p and has tangency type (5a) with (u, v) = (0, 0), following the
notation of Figure 9. To fix ideas, we place the second tangency point Trop p′ along the
diagonal end of Λ, thus it determines n and p′. Our first tropical tangency point will fix
m and p. Assuming both m,n ∈ KR, we will show that p ∈ (K∗R)2.
By Lemma 2.9, it suffices to check P = (x¯, y¯) ∈ R2. Our local system in (m, x¯, y¯)
becomes q = ℓ =W = 0 with:
q := a10 x¯+ a01 y¯ + a11 x¯ y¯, ℓ := y¯ +m+ n¯ x¯ and W := (a10 + a11 y¯)− n¯(a01 + a11 x¯).
We view a10, a01, a11 and n¯ as parameters and use Singular [9] to compute elimination
ideals of the ideal I = 〈q, ℓ,W 〉 in a polynomial ring in m, x¯ and y¯ with coefficients in the
quotient field R(a10, a01, a11, n¯).
Eliminating x¯ and y¯ from I yields the quadratic polynomial in m
a11
2m2 − 2a11(a10 + a01 n¯)m+ (a102 − 2a10 a01 n¯+ a012 n¯2),
which we use to solve form. The radicand expression’ sign for both solutions is s10 s01 sign(n¯).
Similarly, eliminating m and y¯ from I produces a quadratic polynomial in x¯:
a11
2 n¯ x¯2 + 2 a01 a11 n¯ x¯+ (a01
2 n¯− a01 a10).
The sign of the radicand for both solutions is again s10 s01 sign(n¯).
Finally, eliminating m and x¯ yields the quadratic polynomial a11
2 y¯2 + 2 a01 a11 y¯ +
(a10
2 − a01 a10 n¯) on y¯. The sign of the radicand for each solution y¯ is the same as before.
From this it follows that if m ∈ R then x¯ and y¯ are also in R, as we wanted. ⋄
After passing to the tropical limit, we can use these methods to study totally real lifts
of tropical bitangents to smooth plane quartics, that is real bitangents lines where the
tangency points are also real. More precisely, Theorem 7.1 has the following consequence:
Corollary 7.3. Real lifts of bitangents to generic smooth tropical plane quartics are also
totally real.
An alternative proof of Corollary 7.3 can be given using Klein’s formula from [20] re-
lating the number I of real inflection points and the number B of real but not totally real
bitangents of a curve of degree d:
(7.1) I + 2B = d(d− 2).
By [7, Theorem 5.7], any real lift of a generic smooth tropical curve of degree d has d(d−2)
real inflection points. Thus, from Klein’s formula (7.1) it follows that there are no real
bitangents which are not totally real. This result gives rise to the following question:
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Question 7.4. What do tropicalizations of quartics with real, but not totally real bitangents
look like? Can we determine their skeletons?
From Theorem 7.1 we can conclude that they cannot be smooth tropical quartics in
R2. We suspect that they come from faithfully embeddedings producing a tropical quartic
on a tropical two-dimensional linear space of a higher dimensional space Rn. The study
of tropical plane curves on these alternative tropical 2-dimensional linear spaces, their
moduli spaces and their properties is an active topic of research in tropical geometry [14].
We believe that an answer to Question 7.4 will require us to extend the tropical lifting
techniques beyond the smoothness and genericity constraints from Remark 2.10, in the
spirit of [24]. We leave this task for further research.
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Appendix A. Multiplicity four local tangencies
In this section we compute bitangent lifts (ℓ, p, p′) in the presence of tropical tangencies
of multiplicity four at the vertex of Λ, clarifying some small inaccuracies in part of the proof
of [25, Theorem 4.1]. We are primarily interested in transverse intersections of multiplicity
four at a vertex of Γ, which we set as P . In this situation, Trop p = Trop p′ = P . Since
V (q) has no hyperflexes, we have p 6= p′.
Tropical tangencies of multiplicity four appear on bitagent classes of shape (II) on the
closure of its two-dimensional cell. They come in various types. This includes the weight
one vertices of (II), whose local types are (6b) and (5b). At the end of this section we
discuss the missing multiplicity four tangencies listed in Table 9: those corresponding to
types (4) and (3b). In all cases, the tropical tangency occurs at the vertex of the Λ.
We star by discussing the first two cases. To match our computations with that of [25,
Theorem 4.1] we useS3-symmetry and work with the image of (II) under the map τ0◦τ1◦τ0.
In particular, are are interested in the vetices of a bounded edge of TropV (q) with direction
(4, 1). We call them vl and vr. Their dual triangles in the Newton subdivision of q have
vertices {(1, 0), (0, 3), (0, 4)} and {(1, 0), (1, 1), (0, 4)}, respectively. We indicate them as
v∨l and v
∨
r at the center of Figure 10. We let Λl and Λr be the corresponding bitangents.
The local equations for q around vl and vr become
(A.1) ql(x, y) = a x+ b y
3 + c y4 and qr(x, y) = a x+ b
′ xy + c y4.
We let p = (x¯, y¯) and p′ = (r, s) be the initial forms of p and p′. Even though p 6= p′, it
is a priori possible that p = p′. Our first two lemmas gives necessary conditions for Λl and
Λr to lift to a classical bitangent line ℓ. In addition, they provide tests to rule out p = p′.
Lemma A.1. If (ℓ, p, p′) is a bitangent triple with Trop ℓ = Λl, then m, n¯ ∈ K˜∗ satisfy
(A.2) (m, n¯) = (b¯/(4 c¯), 4 a¯ c¯2/b¯3) or (m, n¯) = (−b¯/(8 c¯), 8 a¯ c¯2/b¯3).
Furthermore, if p = p′, then the first option must occur.
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Proof. As usual, we assume q(x, y) lies in R[x, y]rMR[x, y], and vl = (0, 0). In particular,
this implies that a, b, c,m, n ∈ R. The local equations at vl are given by the vanishing of
(A.3) ql := a¯ x¯+b¯ y¯
3+c¯ y¯4, ℓ := y¯+m+n¯ x¯ and Wl := det(Jac(ql, ℓ)) = a¯−n¯y¯2(3b¯+4 c¯y¯).
We wish to find necessary and sufficient conditions in m, n¯ ∈ K˜∗ that guarantee two
solutions x¯ (counted with multiplicity.) We use ℓ to eliminate y¯ from the system (A.3),
by setting y¯ = −m − n¯x¯. This leads to an ideal I in K˜[m±, n¯±][x¯±] generated by the
following two polynomials:
ql
′ = c¯ n¯4x¯4+n¯3(4 c¯ m−b¯)x¯3+3mn¯2(2c¯ mn¯2−b¯)x¯2+(4c¯ m3n¯− 3b¯m2n¯+ a¯)x¯+m3(c¯m−b¯),
Wl
′
= 4c¯n¯4x¯3 + 3n¯3(4c¯m− b¯)x¯2 + 6mn¯2(2c¯mn¯2 − b¯)x¯+ (4c¯m3n¯− 3b¯m2n¯+ a¯).
Simple manipulations of ql
′ andWl
′
in Sage [10] produce new elements in I of lower degree
in x¯. In particular, we obtained the following polynomials in I:
fl := 12a¯ n¯
4(4c¯m− b¯)(2 n¯(2b¯2c¯mn¯+ b¯3n¯− 6a¯c¯2)x¯+ (b¯2mn¯+ a¯c¯)),
gl = (3 b¯
2n¯3)x¯2 + 6 n¯(b¯2mn¯− 2 a¯ c¯)x¯+ (3 b¯2m2n¯+ 4 a¯ c¯ m− a¯ b¯).
Since p and p′ are tangencies points and (m, n¯) ∈ (K˜∗)2, the ideal I cannot contain
a non-trivial linear polynomial in x¯. Thus, the two coefficients of fl must vanish. This
happens if and only if either m = b¯/4c¯ (and n¯ is free), or
2 b¯2 c¯ m n¯+ b¯3n¯− 6 a¯ c¯2 = b¯2mn¯+ a¯ c¯=0.
The last system admits a unique joint solution, namely the second option listed in (A.2).
When m = b¯/4c¯, the following combination of Wl and gl, evaluated accordingly yields:
((2 b¯2 c¯ n¯2 x¯− b¯3 n¯+ 8 a¯ c¯2)Wl − b¯4 gl)|m=b¯/4c¯ = 128 (b¯3 n¯− 4 a¯ c¯2) a¯ c¯3 x¯ = 0.
Since x¯ 6= 0, this implies n¯ = 4 a¯ c¯2/b¯3, as (A.2) indicates.
Since p = p′ if and only if x¯ is a double root of gl, we conclude that the discriminant of
gl in the variable x¯ must vanish. A direct computation gives:
(−12 a¯n¯2)−1∆(gl) = b¯2(16 c¯ m− b¯) n¯ − 12 a¯ c¯2).
After checking both options from (A.2) we see that ∆(gl) vanishes only for the first one. 
Lemma A.2. If (ℓ, p, p′) is a bitangent triple and Trop ℓ = Λr, then m, n¯ ∈ K˜∗ satisfy
(m, n¯) = (−a¯/b′,−b′3/(4 a¯2 c¯2)) or (a¯ (7± 4
√
2 i)/(9 b′), b′3(7∓ 4
√
2 i)/(108 a¯2 c¯)).
Furthermore, if p = p′, then the first pair cannot occur.
Proof. We follow the same strategy as in the proof of Lemma A.1, with vr = (0, 0) and
q ∈ R[x, y]rMR[x, y], so all a, b′, c,m and n lie in R. In this case,
(A.4) qr = a¯ x¯+ b′x¯ y¯ + c¯y¯4, ℓ := y¯ +m+ n¯ x¯ and Wr = (a¯+ b′y¯)− n¯(b′x¯+ 4c¯y¯3).
We substitute y¯ = −m − n¯x¯ in both qr and Wr and obtain the ideal Ir = 〈qr′,Wr ′〉 in
K˜[m±, n¯±][x¯±]. Algebraic manipulations yield two polynomials in Ir of low-degree in x¯:
fr := −2m
(
n¯(c¯(9b¯2m2+10a¯b¯m+9a¯2)n¯−2b¯3)x¯+(c¯m(9b¯2m2−2a¯b¯m−3a¯2)n¯+b¯2(a¯−b¯m)),
gr := (2b¯n¯
2)x¯2 + n¯(b¯m− 3a¯)x¯+m(a¯− b¯m).
Since ℓ is a bitangent, I has no non-trivial linear polynomials. Thus fr = 0, so both its
coefficients in R[m±, n¯±] must vanish. Call them A1 and A0, depending on the degree of
x¯. A simple algebraic manipulation gives:
A0 −mA1 = − (b′m+ a¯)(12 a¯ c¯ m n¯− b′2) = 0.
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Trop ℓ m n¯ x¯ y¯ r s
Λl − b¯ c¯8 8a¯c¯
2
b¯3
b¯4(3+2
√
3)
64 a¯c¯3
− b¯ (1+
√
3)
4 c¯
b¯4(3−2√3)
64 a¯c¯3
− b¯ (1−
√
3)
4 c¯
Λr − a¯b′
b′
3
4a¯2c¯
4 a¯3c¯(1+
√
2)
b′
4 −
√
2 a¯
b′
4 a¯3c¯(1−√2)
b′
4
√
2 a¯
b′
Table 12. Formulas for the initial forms of triples (ℓ, p, p′) lifting Λl and Λr.
Assuming m = −a¯/b¯ and solving A0 = A1 = 0 for n¯ gives the first option in (A.2).
In turn, setting n¯ = b′2/(12 a¯ c¯m) and substituting this expression in both A0 and A1
yields a single non-monomial factor that must vanish. This is precisely the discriminant
∆(gr)=9b′
2
m2− 14a¯b′m+9a¯2. Replacing the two roots of ∆(gr) back into the expression
for n¯ gives the second option in (A.2).
Finally, a direct computation gives ∆(gr)(−a¯/b′,−b′3/(4 a¯2 c¯2)) = 32a¯2 6= 0. Thus, this
solution in m, n¯ is not valid whenever p = p′. 
The next proposition provides explicit formulas to lift the bitangent classes associated
to vl and vr to unique bitangent triples (ℓ, p, p
′) satisfying p 6= p′. Each lifting is unique,
as was stated in [25, Theorem 4.1].
Proposition A.3. Assume V (q) has no hyperflexes. Then, the tropical bitangents Λl and
Λr each lift uniquely to classical bitangent triples (ℓ, p, p
′) with p 6= p′. Table 12 gives
explicit formulas for the tuple of initial forms m, n¯, p and p′ in each case.
Proof. Lemmas A.1 and A.2 yield unique potential values for (m, n¯) where p 6= p′. We
substitute each value in the three equations from (A.3), respectively (A.4), and solve for
x¯, y¯. We obtain two distinct solutions in (x¯, y¯), each corresponding to p and p′. They can
be seen in Table 12.
To conclude we use Lemma 2.9 to show that these initial forms lift uniquely to a triple
(ℓ, p, p′) with q(p) = ℓ(p) = W (p) = q(p′) = ℓ(p′) = W (p′) = 0. We use p′ = ql or qr and
W =Wl or Wr depending on the location of the tropical bitangent line.
A Sage [10] computation shows that the initial forms of the Jacobians (m, n¯, x¯, y¯, r, s)
for the local systems at vl and vr are Laurent monomials in the coefficients of (A.1),
namely −9√3 a¯3b¯2/c¯ and 128√2 a¯5c¯/b′2. These expressions are units in K˜, so we have
unique lifts from the six initial forms to the data (ℓ, p, p′). 
Our next result shows that no bitangent lift (ℓ, p, p′) of Λl or Λr has p = p′ under the
genericity conditions from Remark 2.10. This rules out the overlooked case in the proof
of [25, Theorem 4.1]. Even though this situation can be discarded using the classical count
of bitangents to smooth plane quartics, we provide an independent combinatorial proof.
Theorem A.4. Asume q has not hyperflexes. Fix a bitangent triple (ℓ, p, p′) with Trop ℓ
equals to Λl or Λr. Then, p 6= p′.
Proof. We argue by contradiction. We assume q ∈ R[x, y]rMR[x, y] and we let v = (0, 0)
be the vertex of the tropical line. The proof for both v = vl or vr is the same, so we argue
for both vertices simultaneously. By, Lemmas A.1 and A.2 we have a unique choice for
(m, n¯) that is compatible with p = p′. Replacing these values in (A.3) and (A.4) yields
(m, n¯, p) =
(
b¯
4 c¯ ,
4 a¯ c¯2
b¯3
, b¯
4
16 a¯c¯3
,− b¯2 c¯) for Λl,
( a¯ (7±4
√
2 i)
9 b′
, b
′3(7∓4√2 i)
108 a¯2 c¯ ,
4 (43±13√2i)
27 a¯3b′
4
c¯
,− (4±
√
2i)
3 a¯ b′
) for Λr.
We write p = (r, s) and p′ = (r′, s′). Since p 6= p′ both lie in ℓ, we have r 6= r′ and s 6= s′.
We fix N ≫ max{val(r − r′), val(s− s′)} and re-embed V (q) and V (ℓ) via the ideals
I := 〈q, x′− (x− r− ε1), y′− (y− s− ε2)〉 and Iℓ := 〈ℓ, q, x′− (x− r− ε1), y′− (y− s− ε2)〉,
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where ε1, ε2 ∈ K of valuation N are to be determined. This transformation corresponds
to performing tropical modifications of R2 along max{X, 0} and max{Y, 0}.
We write q˜(x′, y′) := q(x′ + r + ε1, y′ + s + ε2) and ℓ˜(x′, y′) := y′ + m′ + nx′ where
m′ := (m + s + ε2 + n(r + ε1)). The two tangency points become p1 := (−ε1,−ε2),
p′1 := (r
′ − r − ε1, s′ − s − ε2). Note that val(m′) > val(m), Trop p1 = (−N,−N) and
Trop p′1 = (val(r
′−r), val(s′−s)) both lie in (R<0)2. Our choice ε1, ε2 is determined by two
conditions: q˜(0, 0) 6= 0 and p1, p′1 ∈ (K∗)2. Both can be attained for generic ε1, ε2 ∈ RrM
of valuation N .
Figure 10 shows the relevant pieces of the Newton subdivisions of q˜, q, and the tropical
curves Γ′ := TropV (q˜) and Λ′ := TropV (ℓ˜). We can certify this by confirming that the
expected valuations of x′, y′ and (y′)4 for vl, respectively x′, x′y′, y′ and (y′)4 for vr, are
attained, whereas the valuation of the constant term is higher than expected. Furthermore,
the initial forms of a˜10 and a˜01 in both cases depend only on p and the coefficients of q.
By construction, the tropical tangency points Trop p1 and Trop p
′
1 of Λ
′ are distinct and
belong to the slope-one edge e of Γ′ adjacent to v. We let v′ be the second endpoint of e.
The location of the vertex of Λ′ is uncertain, but it must lie in R≤0(1, 1) + Trop p1. We
analyze two cases, depending on the positions of v′ and Trop p1.
First, assume both Trop p1 and Trop p
′
1 lie in the relative interior of e. Then the local
equations for q˜, ℓ˜ and their Wronskian at both points would yield n′ = a˜10/a˜01, and
ε2 + ε1 a˜10/a˜01 = 0, contradicting our genericity assumptions on the parameters ε1, ε2.
Finally, assume Trop p1 = v
′ and consider the fiber over v′ of the tropicalization map
trop: V (q˜)→ R2. By [31, Corollary 4.2], this fiber is Zariski dense in V (q˜). Furthermore,
q˜v′ ∈ K˜[x′, y′] vanishes along initial forms of all points in the fiber. Thus, we pick a point
u = (r′′, s′′) in the fiber with r′′ 6= −ε1 and s′′ 6= −ε2. We modify along max{X ′,−N} and
max{Y ′,−N} followed by a re-embedding using x′′ = x′ − r′′ − ε′1, y′′ = y′ − s′′ − ε′2 for
generic parameters ε′1, ε
′
2 of valuation > N . This has a simple effect on the projection to
the (x′′, y′′)-plane: it prolongs the edge e in the (−1,−1) direction while leaving Trop p1
and Trop p′1 fixed. The result then follows from the earlier case analyzed above. 
Figure 10. From left to right: TropV (ℓ˜), TropV (q˜) and Newton subdi-
vision of q˜ when p = p′ and the tangency Trop p = Trop p′ equals vl or
vr.
Finally, by combining Proposition A.3 and Theorem A.4 we conclude that the bitan-
gents Λl and Λr both lift with multiplicity one, as was asserted in [25, Theorem 4.1].
Corollary A.5. The bitangent Λl and Λr have lifting multiplicity one.
The techniques discussed above can be used to study multiplicity four tangencies of
types (4) and (3b). The first situation arises for members of a shape (II) bitangent class
inside the bounded edge in the boundary of its 2-cell. We show:
Proposition A.6. Assume a bitangent line Λ to Γ has a local tangency of type (4) and
multiplicity 4. Then, Λ does not lift to a bitangent triple for V (q).
Proof. We argue by contradiction and write (ℓ, p, p′) for the bitangent triple associated to
Λ. Up to S3-symmetry, we may assume the bitangent class of Λ has shape (II). As usual,
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we set v = (0, 0) to be the vertex of Λ and fix q ∈ R[x, y]rMR[x, y]. We let e be the edge
of Γ containing v in its relative interior. As Figure 8 shows, e∨ has endpoints (0, 0) and
(1, 3). The local system at (0, 0) is defined by the vanish of the equations
qv = a¯+ b¯x¯y¯
3, ℓ := y¯ +m+ n¯ x¯ and Wv = −3b¯n¯x¯y¯2 + b¯y¯3.
Substituting the value for y¯ obtained from ℓ = 0 into the other two equations yields
an ideal I ⊂ K˜[m±, n¯±][x¯±] with two generators with a multiplicity two solution at x¯.
Algebraic manipulations as those used in the proof of Lemma A.1 produce a non-zero
linear polynomial in I, namely h = (48a¯b¯2mn¯5)x¯+(12a¯b¯2m2n¯2). This cannot happen. 
To conclude, we discuss tangencies of type (3b) of multiplicity four outside shape (C).
Assume Λ is a bitangent line with vertex v and Λ ∩ Γ is a bounded horizontal edge e
with rightmost vertex v with stable intersection multiplicity four. This situation arises for
the valency two vertices of weight zero of bitangent classes with shape (D), (L), (L’) or
(O) through (S). Analyzing the tangencies for members in a neighborhood of this member
allows us to conclude that Λ has two multiplicity two tangencies: the midpoint and the
rightmost vertex of e. As Figure 8 shows, the local equation for q(x, y) at v becomes
qv(x, y) = ax+ bxy + cx
2y2. Our final result discusses possible lifts of Λ.
Proposition A.7. Let Λ be a bitangent triple to Γ realize a local tangency of type (3b) at
v with two tangencies: one at v and one in the relative interior of the adjacent bounded
horizontal edge. Then, Λ cannot be lifted to a bitangent triple.
Proof. We argue by contradiction, and fix a bitangent lift (ℓ, p, p′) of Λ with Trop p = v.
We set p = (x¯, y¯). As usual, we assume q ∈ R[x, y] rMR[x, y] and v = (0, 0). Thus,
val(a) = val(b) = val(c) = val(m) = val(n) = 0. Using the local equations for the tangency
along the relative interior of the horizontal bounded edge we conclude that m = a¯/b¯. An
algebraic manipulation of the local equations at v (in the variables x¯, y¯ and n¯) using the
same techniques as those in the proof of Lemma A.1 implies n¯ = a¯2c¯/b¯3. Replacing this
value in the class of qv and Wv in K˜[x¯
±, y¯±] yields an inconsistent system of equations for
x¯, namely a¯ c¯ x¯+ 2 b¯2 = 2 a¯ c¯ x¯+ 3 b¯2 = 0. Thus, Λ cannot be lifted over K. 
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